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Abstract:

In this paper, an inventory model has been developed for deteriorating products with life
time, inventory level dependent demand rate and time dependent demand rate under trade
credit. Three components demand rate has been considered. Deterioration rate has been
taken constant. Permissible delay in payments is allowed.

1. Introduction:

In traditional inventory models the demand rate is assumed to be constant. But it is
observed that the stock level may influence the demand rate in the case of some consumer
products. It is common experience that displaced stock level attracts more consumers. This
observation inspired the researchers to consider the stock dependent demand rate.

Gupta & Vrat (1986) discussed the stock dependent demand rate inventory model.
Calculation of average system cost was not correct in this paper. Mandal & Phaujdar (1989)
suggested the correction to the average system cost. Bakar and Urban (1988) provided the
first rigorous attempt in developing the stock dependent demand rate. The functional form
presented by them is realistic and logical from practical as well as economic point of view.

Dutta & Pal (1990) developed an inventory model with stock dependent demand rate using
some functional form as taken by Bakar and Urban (1988). Dutta & Pal (1990) developed
another model for deteriorating items with demand rate dependent on inventory level with
shortages. Mandal & Phaujdar (1989) also developed another model for deteriorating items
with stock dependent demand rate, variable rate of deterioration and shortages fully
backlogged. Sarkar, et al. (1997) introduced the realistic concept of decreasing demand.
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Jamal, et al. (1997) developed an EOQ model for deteriorating items allowing shortages.
Subbiah et al. (2004) developed an inventory model with stock dependent demand. Teng et
al. (2005) discussed an EPQ model for deteriorating products with price and stock
dependent demand. Basu & Sinha (2007) presented an ordering policy for deteriorating
products with two component demand and price break allowing shortages. Chakarvarti and
Sen (2008) presented an inventory model with variable rate of deteriorationand alternating
replenishing rates taking shortages into consideration. Kharna et al. (2010) developed an
EOQ model with price and stock demand rate. Kundu et al. (2013) developed an EOQ
model for time dependent deteriorating items with alternating demand rates allowing
shortages and and time discount. Hari Kishan, Megha Rani and Deep Shikha (2012)
discussed the inventory model of deteriorating products with life time under declining

demand and permissible delay in payment.

Notations and Assumptions:
Notations:
The following notations have been used in this paper:

q(t): Inventory level at any time .
S: Stock level at the beginning of each cycle after fulfilling the backorders.
Q: Stock level at the beginning of each cycle plus the amount of shortage.
A: Ordering cost per order.
u: Time at which deterioration of items starts.
To: Time at which shortage starts.
T: Length of cycle time.
Cy: The total holding cost of inventory in the interval [0, Ty ].
Cs: The total shortage cost of inventory in the interval [Ty, T].
Cp: The total holding cost of inventory in the interval [u, Ty ].

Assumptions:

1.

ARSI

There is single item in the inventory system.

Lead time is negligible. It is considered as zero.

Replenishments are instantaneous, i.e. the replenishment rate is taken infinite.
Shortages are allowed and fully backlogged.

Three components demand rate is deterministic and known function of
instantaneous inventory level during the life time, constant during the deteriorating
period and time dependent during the shortage period. Thus the demand rate is
given by
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agf,0<t<yp
D = a, ust<T,
(a—y(—Tp)To<t<T

Mathematical Model and Analysis:

Let Q be the number of items received at the beginning of the cycle. (Q — §) items are
delivered for the fulfillment of backorder leaving a balance of S as the initial inventory of
new cycle. The inventory level depleted at a rate of ag? during the period [0, u]. During the
period [u, Ty] the inventory level depleted at the rate a. The inventory level falls to zero at
time Tj. Shortages are allowed for replenishment upto time T. The inventory system is
governed by the following differential equations:

Z—z:—aqﬁl 0<t<su (1)
Z—Z+9tq=—a, us<t=<T, ..(2)
d

T=—(a-y(t-Ty) To<t<T ...(3)

With the following boundary conditions:
q(0) =S, q(Tp) = 0and g(T) = —(Q — ). (4
This model is shown in the figure given below:

Inventory
A

S Time

(Figure 1)
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Solution of equations (1), (2) and (3) with the help of boundary conditions (4) are
respectively given by

1
q = S[1 — apt]», 0<t<u ...(5)
2
q=aT0+a66T° t+“9t -2 p<t<T, ...(6)
qza(TO—t)+yT0t+E(T02+t2), To<t<T .(7)

wherep =1 — .

From expressions (5) and (6), we get

aTblaerg atla9y3 ad Tou?

_ " 6 ~ 3 3

S = n : ..(8)
[1—apulp

Annual ordering cost=%

The total holding cost during the inventory cycle is given by
T,
CH =G [foo th]
T,
=q [f(;l qdt + [ qut]

s ¢ | Sa6Td
=C1[m[ —apu] P +a0 +22 — —aTop — abTg
ap? aBYbu adut
+T+T_T]- ...(9)

Total shortage cost for the entire cycle is

Cs = cy [qudt]

[(ToT——)+VToz (37 +5)

—a (Toﬂ——) +yT0 (T0y+ )] ...(10)

Total deteriorated units per cycle are given by
D=S- fMTO(a + yq)dt

ayT¢ Say 0T
= §—aT, -8 _ S,

_ayp? a0Tou’  abyp’
2 9 12

ayBTg)

(a + ayTy + .

..(11)

The total deterioration cost is given by
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2 3
Cp=c [S —aTy — —aszO - Sa};ZTO + (a + ayT, + WZTO)
2 3
_ayu abTop” ady p* ]
> + 5 o | ...(12)

The total amount backordered at the end of each cycle is given by
Q-S= a(To—t)+yT0t+§(T§+t2). ...(13)

Now we consider the following two cases:
Case1l: M < T,.
Subcase: 0 <M < u.

In this case, the interest payable is given by
T
Iy = cl, [f; q(t)dt + fuo q(t) dt]
1

p+1 m
= el [ [(1—apM)p ~ (1 —apw) ]
aTg 5a0T; a9T03 ap?®  abut a9T0u3
+ 004 S0 (T + ) o T S ] -(14)

In this case, the interest earned is given by
1L =sl, [fo aqPftdt + [ Oatdt]
B+2p
B+p [1—(1—0(;)/1) p
— ] _ p(QQ—apu) P +
¢ B+p) a(B+p)(B+2p)

]+%(T02—y2). ...(15)

Therefore the total cost per unit time is given by
TC(1) = 2[A+ Cy + Cs + Cp + I}y — 14]

p+1

=2 [1— apu] » +42

a _[ [ZTO + SIZHTO
T T a(p+1)

—aTou — abT§u

| G R )
—a (Tou =) +yTo e + L (13 +2)]

c ayTé Say0TF ay0T3
S—aTy— Yo > 0+<a+ayT0+ r O)u

T 2 36 6

+—+
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_ ayuz a9T0u3 _ a9yu4 cI _ p+l _ _ p+l
2 9 12 ] [a(p+1) (1—apM)» — (1 —apy)»
aT¢ | 5a0T§ ab T§ 2 abu*  abTyu
+ 50 20— (amy + S ) o+ - 20 ]
B+2p
; « )31'# {1—(1—0(;3;4) P ]
_sle [ _ p(—apu &er2 _ 2
T G-+p) T AL | -+-(16)
Subcasell: u <M < T,.
In this case, the interest payable is given by
T,
12 =l [f,0 a®)]
To
o _— afTg - aft®  afT,t? it
)\t Te T T 3
M
_ aT02 5a9T03 a9T03 au?  adut | abTyud
= ol [+ 250 = (aTo + 558 o+ 4 = S+ 0] -(17)
In this case, the interest earned is given by
I, =sl, [fo aqPtdt + [ Oatdt]
B+2p
_ _ u(d—apu T2 — 2
= sl G+p) GG Tz TH) -+ (18)
Therefore the total cost per unit time is given by
TC(2) = 2[A+ Cy + Cs + Cp + I}y — 14]
_4A | a . p+l aTO 5a0T¢ . _ 3
=7+ [a(p+1) [1—apul » +—>+—=——aTou—abTsu
aBTou abu cy T T Y (2 T3
O T]+F[[“(T0T_7)+VT07+E(T0T+?)]

—a(Ton=15) + 1o+ (180 + )]

c ayTé Say0TF ay0T3
+7[S—aTO— Yo 2% 0+<a+ayT0+ ! O)u

2 36 6

_ayp? n ab Tou® aﬂyu“]
2 9 12

cl. [aT? 5ab0T3 abT3 au?  abut  abTyud
c|®0 0—<aT0+ 0>#+# #_l_ 0#]

T

2 12 9

2 36
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B+2p
I a )ﬂr# {1_(1_“”“) ? ;
_sle | p(d—apu a2
T B+p) a(B+p)(B+2p) + 2 (Tg —u) | ...(19)

Case2: M > T,.
In this case, there will be no interest charged.
The interest earned is given by
1L, =sI, [f: aqPtdt + fMT" atdt + (M —Ty) f;ow(a —y(t— TO))tdt]
B+2p
Btp {1—(1—apu) P
- p(l—app) ?
¢ B+p) a(B+p)(B+2p)

} +5 (T — 1)
_ 2 ((a+yTo)((M+Ty)) _Y 2 2
+(M — Ty)? (S0 L (2 4+ MTy + TR} ...(20)

The total cost per unit time is given by
TC(3) = %[A +Cy+Cs+Cp—1L]

s p+l aT02+5a0T5‘
2 36

=+ Pl [ —apul 7+

T T la(p+1)

o2 2 - 2 (- 5) e T i+ )

—aTou — abT§u

12

-t 5) o 1+ )

c ayT¢ S5ayfTy ay6T§
“|s—aTy - - T
+TS aTy > 36 +{a+ayTy + 7
_ayp? a9T0u3_a9yu4]
2 9 12
B+2p
; a )BP# [1—(1—0{])#) p ]
_sle | p(l—apu 2 _ 2
T @+p) GGz T2 T —#)
+(M —T,)? {(“”TO)ZM—%(MZ +MTy + TH)}] ..(21)

Thus we have
TC(1), 0<M<p
TC ={TC(2), u<M<T,
TC(3), M=T,
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For optimization, we have
2

0,5 —0m (52).(59) - (25) =0 -2
Now %TS) = 0 implies that
c1[aTy + saZT" —ap — abT{u +— +c [[aT + y + yTo]
—a,u+y“2—2+yT0,u] +c [a—ayTo —Sy%+ (ay+@)u +a99“3]

5a0T5 ab T¢ a9u3] _ _
+cl.[aTy + 5 (a += ),u += sl,aTy, =0,

...(23)
arc() _ . .
and ——= = 0 implies that
ptl o2 4
_ +&T0 | 5a6Ty _ 3
A+ [a( D [1—apu]» BT aTou — abTyu
au aGTo,u aGM yT3
t Tt T +C2[[a__yT02 T]
u
v (Tou=15) = vMo 5 = (1w + )
ayT¢ Say6Ty ayOT3
+c[S—aT0— )/20 - ]3:6 4 +<a+ayT0+ V6 0>,u
_ay'u2+a9Tou aeyy ]+ I [ 1_ M) . _(1_ )p;l
2 9 ¢ (p+1) ap aph
SaHTO aBTO ai_aey afd Top3
s e G o b e
B+2p
(- )ﬁT {1 (ap) }
_ _ u(Q—app T2 _ 2
sle B+p) @iz T2 70 TH)
...(24)
Similarly aTaCT(Z) = 0 implies that
0
3 2
claTy + SagTO —au — 3a0T¢u] + ¢, [[aT + y% + yTOT]
M
—auty—+ V.UTO]
Say GTO3 ayGTOZ ad ud
+c[—a—ayT0 ——5  t (ay+T)u - ]
5a6T§ ad T ab u3
+cl, [aT0+ 180 —(a+T°)u+ 5 ]—sleaTO, ...(25)
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and Z£2 = ¢ implies that

p+l
¢ | 5a6T¢
A+ Cl[a(p+1) [1—apu] » +a ¢ 220 —aTO,u—a9T03,u

+—+ “”"“ T S [[a——yT0—+—]

‘“(T0“‘7)+VT07+5(70“+#?)]

+c [S— aTy —

_ayp? a9T0u3_a9w4]
2 9 12
aTé  5a0T3 adT3 ap’  abut  abT,u3

TO+ 36O—<05T0+ 0)#"‘ H Ii_l_ oll]

+cl,

B+2p
B+p {1—(1—0(1);1) p }
_ p(—app) P
(B+p) a(B+p)(B+2p)

—sl, +2(T§ — u®) [=0. ...(26)

Sumlarly = 0 implies that

5a0T§

€ [aTO + —ap — 3a0T¢ ]
TZ ”2
+cy [aT + Y5 + yTOT] —au + Y + yuTO]

5ay0T3 ayOT$ abud
14 0+<ay+ 14 0)11 " #]

+c [—a —ayTy — 9

=sl[aTy + (M — To) {(a + yTo)(M + To) — 2L (M? + MT, + )}

+(M — T,)? {(a +yTo) + L (2M + To)}] =0, ..(27)

and Z£&) = ¢ implies that

p+1

[1 _ apu] P +[ZTO + SIZHTO

v aTou — afT§u

S
A+ 1 [a(p+1)

_ayp? n ab Tou® aﬂyu“]
2 9 12
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—sl,aTy = 0. ...(28)

Similarly the values of second derivatives can be obtained. Solving equations (23),
(25) and (27) we can obtain the values of Tj(1), Tg(2) and Ty (3) respectively. Substituting
these values in (24), (26) and (28), we can obtain the values of T*(1), T*(2) and T*(3)
respectively. Now Tj(1) and T*(1) are the optimal values of Ty and T if 0 < M < u and the
second derivatives satisfy (22). Ty(2) and T*(2) are the optimal values of Ty and T if
p <M < T, and second derivatives satisfy (22). Ty(3) and T*(3) are the optimal values of T,
and T'if M > T, and second derivatives satisfy (22). Thus we get the optimal values of Ty and
T*. Putting these values in equation (8) and (12) we can obtain the values of S* and Q".
Mathematika or matlab softwares can be used for illustration.

Concluding Remarks:

In this paper, an inventory model has been developed for deteriorating products
with life time under trade credit. Three components demand rate has been considered.
During life time, the demand rate is stock dependent. During deterioration period, the
demand rate is constant. During shortage period the demand rate is time dependent.
Deterioration rate has been taken linear function of t. Permissible delay in payments is
allowed which has been considered in three cases. This model can further be developed for
other forms of demand rate and power pattern form of deterioration.
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