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Abstract

In this paper, we prove the existence result for solution of the initial value problem of third
order random differential inclusion through random fixed point theory using
caratheodory condtion . We claim that our result is new to the theory of random differential
inclusion.
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1. Statement of the Problem
Let (Q,A, y) be a complete O -finite measure space and let R be the real and and let

J= [O,T] be a closed and bounded interval in R. Consider the initial value problem of

third order ordinary random differential inclusion (in short RDI),

x"(t,@) € F(t,X(t,0),0) +G(t, X(t, w), ) ae. tel } (11)

X(0,0) =0y (®),x'(0,0) =g (®),x"(0,) = q, (@)

for all @ € €2, where do» %, 9, :QQ — Ris measurableand F, G : J x RXQ_>7DD(R).
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By a random solution for the RDI (1.1) we mean a measurable function
X:QQ—> AC (J : R) satisfying for each @ € (2

x"(t,@)=v,(t,0)+V,(t,0) Vted and
X(0,@) =0, (@),x'(0,w)=0,(@),x"(0,®) =q, (w)for some measurable functions
ViV, 1Q > L (J,R) with v (t, ) € F (t, X(t, ), @) ace. te and

v, (t, a)) eG (t, X(t, w), a)) a.e. teJ, where AC (J , R) is the space of absolutely

continuous real-valued functions on J.

The RDI (1.1) has not been discussed earlier in the literature. In this paper, we
discuss and prove the existence of solution for the initial value problem of third order
random differential inclusion through random fixed point theory.

2. Auxiliary Results
Theorem 2.1 (Kuratowskii and Ryll-Nardzewski [11]) If the multi-valued operator
T:QxX >P, ( X ) is measurable with closed values, then T has a measurable selector.

Random fixed point theorem for the right monotone increasing condensing multi-valued
random operators is as follows :

Theorem 2.2. Let (2, .4) be a measurable spaces and let [a, b] be a random interval in a
separable Banach space X. If T :Qx [a,b] — P, ([a,b]) is a condensing, upper semi-
continuous right monotone increasing multi-valued random operator and the cone K in X is

normal, then T (a)) has a random fixed point in [a, b].

Corollary 2.1 (Dhage [2]) Let (€2,.4) be a measurable space and let [a,b] be a random
interval in a separable Banach space X. If T : (3 % [a,b] — 7, ([a, b]) is a compact, upper

semi-continuous right monotone increasing multi-valued random operator and the cone K
in X is normal, then T (a)) has a random fixed point in [a, b] )

To prove the next result, we need the following lemmas.

Lemma 2.1(Dhage [4]) Let (O, A4, 1) be a complete 0 — finite measure space and let X be
separable Banach space. If F,G:Q — R, (X ) are two multi-valued random operators,
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then the sum F + G defined by (F + G)(a)) =F (a)) + G(a)) is again a multi-valued

random operator on 2.

Corollary 2.2. Let (Q, A, z£) be a complete o -finite measure space and let [a,b] be a
random interval in a separable Banach space X. Let A,B:Qx[a,b]— 7, (X) be two

right monotone increasing multi-valued random operators satisfying for each @ € Q),

(a) A(a)) is a multi-valued contraction,

v B (a)) is completely continuous, and
(c) A(a))X + B(a))X S [a, b] forall X e [a, b] )

Furthermore, if the cone K in X is normal, then the random operator inclusion

Xe A(a)) X+ B(a)) X has a random solution in [a, b].

Corollary 2.3 : Let (Q,.A, ,u) be a complete o — finite measure space and let [a, b] be a

random interval in a separable Banach space X. Assume that A:Qx[a,b]— X is
nondecreasing and B:Q)x [a,b] —>F, (X) is a right monotone increasing multi-
valued random operator satisfying for each @ € €2,

(a) A(a)) is a single-valued contraction with the contraction constant A< }/ ,

b) B (a)) is completely continuous, and
(c) A(a))X + B(a))X S [a, b] forall X e [a, b] )

Furthermore, if the cone K in X is normal, then the random operator inclusion

X e A(a)) X+ B(a)) X has a random solution in [a, b].

3. Exitence Results
Let ST (%) ={v e M(Q,U'(J.R))V(t,w) e F (. X(t,w), @) ae. tel } 6.1)

This is our set of selection functions. The integral of the random multi-valued function F is
defined as

_[; F(s,X(s,@),w)ds = {I;v(s, w)ds:ve S,l:(w)(x)} :

We need the following definitions.
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Definition 3.1.A multi-valued functionF : J xRxQ— T (R) is called Caratheodory if

foreach w €Q,
(i) t— F(t,X, @) is measurable for each X € R, and

(i) X— F (t, X, a)) is an upper semi-continuous almost everywhere for t € J.

Again, a Caratheodory multi-valued function F is called Lt -Caratheodory if
(iii) for each real number r > 0 there exists a measurable function

h Q- Ll(J ,R) such that for each @ € Q
|F(txw)|, =sup{luj:ueF(t,x, o)} <h (t, ) ae tel
forall X € R with [X| <.
Furthermore, a Caratheodory multi-valued function F is called L%, -Caratheodory if
(iv) there exists a measurable function N: Q — L"(J,R) such that
[F(t ), <h(to) ae ted

for all X € R ,and the function / is called a growth function of Fon J x Rx €},

Definition 3.2.A multi-valued function F :J xRxQ— P (R) is called s-Caratheodory

if for each w € Q,

Q) t,w)—F (t, X, a)) is measurable for each X € R, and
(i) x+—F (t, X, a)) is an Hausdorff continuous almost
everywhere for t € J.

Furthermore, a s-Caratheodory multi-valued function F is called s- L' Caratheodory if

(iii) for each real number r > 0 there exists a measurable function

h, : Q2 — L*(J,R) such that for each weQ
|F(tx@)|, =sup{luj:ueF(t.x,m)} <h (t,w) ae tel

forall X € R with |X| <r.

Then we have quote the following lemmas.
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Lemma 3.1 (Lasota and Opial [8]) Let E be a Banach space. If dim (E) < o0 and
F:IxExQ— PCp(E) is L1- Caratheodory, then S,lz(w) (X) # () for each X € E.

Lemma 3.2 (Lasota and Opial [8]) Let E be a Banach space, F a Caratheodory multi-valued
operator with S# () = 0, and /: Ll(J , E) —C (J y E) be a continuous linear mapping.
Then the composite operator

Lo Sll:(a)) :C(J,E) >Ry (CU,E))
is a closed graph operator on C(J,E)xC(J,E).

Lemma3.3 (Caratheodory theorem[5]) Let E be a Banach space. If F:J x E — P, ( E) is s-

Caratheodory, then the multi-valued mapping (t,X) — F (t, X(t)) is jointly measurable for

each measurable function X:J — E.
We consider the following set of hypotheses .

(Al) The multi-valued mapping (t, a)) —F (t, X, a)) is jointly measurable for all
xeR.
(Az) F (t, X, W) is closed and bounded for each (t, a)) eJxQ and XeR.

(A;) Fisintegrably bounded onJ x QxR
(A,) Thereisa function ¢ < M(€2,11(3,R)) such that for each @ € Q,
dy (F(t.x®),F(t,y,®))</(tw)x-y| ae tel
forallX,y € R.
(A5) The multi-valued mapping X+ S, (X) is right monotone increasing
in x€C(J,R) almost everywhere for t € J ;nq

(Bl) The multi-valued mapping (t,®) > G(t,X(t,®), ) is jointly measurable
for all measurable X: Q —C(J,R).
(Bz) G (t, X, a)) is closed and bounded for each (t, a)) eJxQ and XeR.

( B3) Gis L'-Caratheodory.
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(B4) The multi-valued mapping X > S,lz( ) (X) is right monotone increasing in

x € C(J,R) almost everywhere for t € J.

(B5) RDI (1.1) has a strict lower random solution a and a strict upper random

solution bwith a<b on J xQ.

Main Result

Theorem3.1 Assume that the hypotheses ( Ai) — ( A ) and( Bl) - ( B. ) hold. IfHE (a))H 1< 1

then the RDI (1.1) has a random solution in [a, b] defined on J X Proof : Let
X=C (J , R) . Define a random order interval [@,0] in X which is well defined in view of

hypothesis ( B5) . Now the RDI (1.1) is equivalent to the random integral inclusion,

"'(ta))eqo(w)w(w)qu(w [ R x(s ) o)t

I (t G(s x(s,w),w)ds, ted. (3.2)
for all @ € Q) . Define two multi-valued operators A, B : Q x [a, b] —> Py ( X ) by

A(a))x:{u e M(Q.X)u(t, @) = [T, (s,0)ds,v; < S,lz(w)(x)}
(3.3)

= (K 0 Sty ) ()
And
B(w)x:{u e M(Q, x)|u(t,w):qo(w)+ql(w)w+q2(w)“:+j;v2(s,w)ds,v2 E sg(w)(x)}
(3.4)
= (K © Sty )0
where 1, K, : M(€2,L*(3,R)) > M(€,C(J,R)) are continuous operators defined

by IV (t @) = [ vy (s,@)ds, (3.5)
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®
and  [C,v, (t,@) =gy (@) + g, (@)@ +q, (a))7 + ,[OVZ (s,w)ds.  (3:6)
Clearly, the operators A(a)) and B (a)) are well defined in view of hypotheses (AS) and

( B, ) We will show that A(a)) and B (a)) satisfy all the conditions of Corollary 2.2.
Step I: First, we show that A is closed valued multi-valued random operator on ) x [a, b] .

Observe that the operator A(a)) is equivalent to the composition I(’loS,l: (W) of two
operators on Ll(J , R), where ICl : M(Q, Ll(J , R)) — X is the continuous operator . To
show A(a)) has closed values, it then suffices to prove that the composition operator
Kl OS|1:( ) has closed values on [a, b]. Let X €[a,b] be arbitrary and let {Vn} be a
sequence in S,l:( ) (%) converging to v in measure. Then, by the definition of S,lz( )’
v, (t,a)) el (t,x(t,a)),a)) ae. forted. Since F (t, X(t,a)),a)) is closed,
V(t,a)) ek (t, X(t,a)),a)) a.e. for t€J . Hence, V€ S,lz(w) (x). As a result, Sé(w)(X) is a
closed set in Ll(J,R) for each @€ Q). From the continuity of X, it follows that
(IC1 o Sé (w))(x) is a closed set in X. Therefore, A(a)) is a closed-valued multi-valued
operator on [a, b] for each @ € ). Next, we show that A(®) is a multi-valued random

operator on [a, b]. First, we show that the multi-valued mapping (a), X) = S,lz( w)(X) is
measurable. Let f < M(Q, L*(J, R)) be arbitrary. Then we have

d ( f ,s}:(w)(x)) =inf {||f (@) —h(@)] ;. :h eS¢, ()}

:jOTd(f(t,a))), F (t,x(t, ), ) dt.
But by hypothesis (Al), the mapping (t,a)) = F ('[, X,a)) is measurable, and by (A,),
the mapping X — F(t,X,®) is Hausdorff continuous. Hence by Caratheodory theorem,
the map (t,w)—>F (t, X(t, w), a)) is measurable for all measurable function
X:Q—>C(J,R). It is known that the multi-valued mapping Z > d (Z, F(t,X,a)) is
continuous, Hence the mapping multi-valued mapping (t, X, @, Z) —d (Z, F (t,X,a)))

measurable. Hence we deduce that the mapping (t, X, o, f )

D.S. Palimkar® and S.S. Bellale? Page 116



International Journal of Mathematics and Mathematical Sciences
ISSN: 2454-7271, Copyright@universalprint

Volume: 01 No.: 02, Pages: 110-122, Published: Dec.,2015

Web: www.universalprint.org , Publication: Universal Print

Title Key: Existence Theory for Third Order Random Differential. ..

\\“\\, SCIENCES 2
O

% 3

o . L)
XIUP

UNIVERSAL PRINT

—d ( f(t,w), F(t,X(t,a)),a)) is measurable from J x X x Qx L*(J,R) into R™. Now

the integral is the limit of the finite sum of measurable functions, and so, d ( f, 5,1:( ) (X)) is

measurable. As a result, the multi-valued mapping (.,.) = S,lz(_) () is jointly measurable.
Define a function ¢ on J x X xQ by

B(t. %, @) = (IGSE () ) IO = [ F (5, %(s, @, ) ) ds.
We shall show that ¢(t, X, a)) is continuous in ¢ in the Hausdorff metric on R. Let {tn} be

a sequence in converging to t € J. Then

dy (#(t,. x.@),6(t,x,0))
=d, U F (s, x(s,a)),a))ds,i‘ F (s, x(s,a)),a))dsJ

0

- _[J ‘X[O,tn] (S) — X0y (S)

—>0 as n— oo

h, (s,w)ds

Thus the multi-valued mapping t ¢(t, X, a)) is continuous, and hence, and by Lemma
t

3.3, the mapping(t, x, w) > [ F (s, x(s, @), w)ds
0

is measurable. Consequently, A(a)) is a random multi-valued operator on [a, b]. Similarly,

it can be shown that B(a)) is a closed-valued multi-valued operator on [4, b] and the
mapping (t, X,a)) — I;G(s, X(S,a)),a)) ds is measurable. Again, since the sum of two

measurable multi-valued functions is measurable, the mapping (t, X, a)) =
2
w t .
do (a)) +0, (a))a) +d, (a))7 + Io G (s, x(s,w), a))ds is measurable.
Step II : Next we show that A(a)) is a multi-valued contraction on X. Let X,y € X be any

t
two element and let U, € A(a))(X) Then u, € X andul(t,a)) :Ivl(s,a))ds for some
0

vV, € S,lz(w) (X) . Since

d, (F (t.x(t,w),®),F(t, y(t,a)),a))) <((t,0)x(t, 0) - y(t, ®),
D.S. Palimkar! and S.S. Bellale? Page 117
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we obtain that there existsa We F (t, y(t, a)) , a)) such that
‘Vl(t, w)— W‘ </(t, a))‘x(t, w)-y(t, a))‘

Thus, the multi-valued operator U defined by

U (t,0) =S¢, (Y)(t) K (a)(t),
where K()(t)= {W‘v1 (t,0) W < ((t, 0)|x(t,0) - y(ta))‘}

has nonempty values and is measurable. Let V, be a measurable selection function for U.
Then there exists V, € F (t, y(t, a)) , a)) with

v, (t, @) =V, (t,@)| < £(t, @) |x(t,0) — y(t,w)|, ae.on].

Define Uz(t,a)) = J.(;VZ(S,a))dS. It follows that U, € A(a))(y) and
t t
luy (t, @) =, (t, @) <[ vy (5, @) ds — [ v, (s, @) ds
0 0

S':[‘vl(s,a)) —V, (S,a))‘ds

<|t(@)]s [x(@) = y(@))
Taking the supremum over ¢, we obtain
|us (@) v, (@) < [[£(@)] s [x(@) =y ()]
From this and the analogous inequality obtained by interchanging the role of X andy we

obtain
dy (A(@)(X), A(@)(Y)) < |/(@)] 2 [x(@) - y(@),

for all X,y € X. This shows that A(a)) is multi-valued random contraction on X, since

Hf(a))HL1 <1 foreach Q.
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Step III : Next, we show that B(a)) is completely continuous for each @ € €. First, we

show that B(a))([a,b]) is compact for each @ €. Let {y, (@)} be a sequence in

B(a))([a, b]) for some @ € (). We will show that {yn (a))} has a cluster point. This is

achieved by showing that { Yn (a))} is uniformly bounded and equi-continuous sequence in
X.

Case I : First, we show that {yn (a))} is uniformly bounded sequence. By the definition of

{yn (a))} ,wehavea V, (a)) € Sé(w) (X) for some X € [a, b] such that

Ya(t,@)= qo(a))+q1(a))a)+q2(a))%2+.(i;Vn(S,C())dS, ted.

Therefore,

o) () 0y (0) G |+ vy (5.0

Vo (t @) <

<|dq (a)) + ql(a))a)+ d> (a))aj + Hhr (a))Hl}

for all teJ, where I :Ha(a))HJer(a))H Taking the supremum over t in the above

inequality yields,

”yn (a))” = + ”hr (a))“Ll

o () + 4 ()0 + @y (@)

which shows that { Y (a))} is a uniformly bounded sequence in Q(@)([a,b])-

Next we show that {yn (a))} is an equi-continuous sequence in Q(a))([a, b]) Let

t,7 € J. Then we have

y, (to)— o (r.00) < ivn(s,w)ds—ivn(s,a))ds

<[p(t.) - p(7.0),

t
where p (t, a)) = Ihr ( S, a)) ds. From the above inequality, it follows that
0
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‘yn(t’a))_ yn(ria))‘ _)O as t—or.
This shows that {yn (a))} is an equi-continuous sequence in B( a))([a, b]) Now

{yn (a))} is uniformly bounded and equi-continuous for each @ € Q), so it has a cluster

point in view of Arzela-Ascoli theorem. As a result, B(a)) is a compact multi-valued

random operator on [a, b].

Next we show that B(@) is a upper semi-continuous multi-valued random
operator on [, b]. Let {X, (@)} be a sequence in X such that X, (®)—>X,(®). Let
{Vn(@)} be a sequence such that y, (@) e B()X, and Yy, (@)—> Y. (®). We will
show that Yy, (w)eB(w)x,. Since Yy, (®)eB(w)X, there exists a

v, (a)) € Sé(m) (Xn) such that
2 t
Yn (t,a)):qo(a))+ql(a))a)+qz(w)%+fvn(s,w)ds, ted-
0

We must prove that thereisa V, (a)) € 5(13( ) (X*) such that

2
0

t
Y. (tw)=0y(@)+0q,(0)o+q, (a))7 +|v,(s,@)ds, tel.
0
Consider the continuous linear operator .- /\/l( Q,1M(J, R)) — M(Q,C(J, R))defined

by
t
Ev(t,a))zjv(s,a))ds, ted.
0

Now

-0 as now

[yn(w)—(qo(w)+q1(w)w+q2(w)a;q(w))]—[y*(w)—(qo(w)+q1(w)w+qz(w)a;)]

From lemma 3.2, it follows that .o Sé

() is a closed graph operator. Also, from the

definition of L, we have
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Yo (6.0) ~ (o (@) + @ () 0+ (@) ) (L= S5,y ) (50)

Since Y, (a)) -V, (a)), there is a point V, (a)) € S,lz(w) (X*) such that

2
@

Y. (t,w)= (0o (@) + o (w)w+0a, (a))?) + th;v* (s,w)ds, ted.

This shows that B (a)) is a upper semi-continuous multi-valued random operator on [a, b].

Thus, B (a)) is upper semi-continuous and compact and hence a completely continuous
multi-valued random operator on [a, b].

Step VI : Next, we show that A(a)) is a right monotone increasing and multi-valued

random operator on [a, b] into itself for each @€ ). Let x,ye[a,b] be such that

X<YVY. Since (AS) holds, we have that Sé(w)(x)ss:‘:(w)(y). Hence

A()(x)£ A(w)(y) Similarly, B(w)(x)<B(w)(y). From (Bg), it follows that
a< A(a))a+ B(a))a and A(a))b + B(a))b <b forall @€ Q. Now A(w) and B(w)
are monotone increasing, so we have for each @ € Q,
a< A(w)a+B(w)axA(@)x+B(w)x=A(w)b+B(w)b=<b
forall X €[a,b]. Hence, A(w)x+ B(w)x e[a,b] forall xe[a,b].
Thus, the multi-valued random operators A(a)) and B(a)) satisfy all the

conditions of Corollary 22 and hence the random operator inclusion

Xe A(a))X+ B(a))X has a random solution. This implies that the RDI (4.3.1) has a

random solution on J X ). This completes the proof.
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