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Abstract

The Traditional Iterative technique is modified by expanding both the kernel and the known
functions into Maclaurin polynomials of the same degree. The given modified method gives
a very simple form for the iterated kernels via the well - known Hilbert matrix. Thus, the
iterative solutions of an integral equation of the second kind can be reduced to the solution of
a matrix equation, whereas only one coefficient matrix is required to be computed. Therefore,
computational complexity can be considerably reduced and much computational time can be
saved. The convergence of the given iterated solution is studied and the three conditions are
given concluded results , figures, and Tables of calculations are observed during the solution
of some numerical examples using MatLab.

Keywords: Integral Equations, Iterative Methods, Approximate Solutions. Matrix Treatment

1. Introduction

Integral equation is encountered in a variety of applications in potential theory,
geophysics, electricity and magnetism, radiation, and control systems [1]. Many methods of
solving Fredholm integral equation of the second kind have been developed in recent years
[1,3,6,7,13], such as quadrature method, collocation method and Galerkin method, expansion
method, product-integration method, deferred correction method, graded mesh method,
and Petrov-Galerkin method. In addition, the iterated kernel method is a traditional method
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for solving the second kind. However, this method also requires a huge size of calculations.
The objective of this paper is to establish a promising iterative algorithm that can be easily
programmed on Matlab, and give numerical examples with tables and figures of the
obtained results. Computational modifications are performed on the iterative algorithm
presented in [9], where the procedure beginning by replacing the kernel of an integral
equation approximately by a degenerate kernel [4,5,8] in a matrix form using Maclaurin
polynomial of degree N, whereas the data function is approximated by Maclaurin
polynomial of the same degree N [2]. Owing to the simplicity of some operational matrix of
integration, the iterated kernels is represented in a very simple form via Hilbert matrix. This
simplifies the present iterative algorithm and reduces the problem of computing iterative
solutions to the computation of only one matrix.

Despite of the advantages of methods [4,5] there was apparent higher cost comparing with
the present method, that minimizes the computational effort and smooth the round-off
errors out. The convergence of the given modified iterative solutions is studied and three
conditions for the existence of the solutions are given.

Due to the simple form of the obtained iterated kernels, which is straightforward and
convenient for computation, The present method may be generalized to solve both second
kind and well-posed singular integral equations of the first kind [10,11].

2. Modified Iterative Method
Consider the Fredholm integral equation of the second kind

¢(x):zK(x,y)¢(y)dy+f(x)Vqu (1)

where the function f (X) and the kernel K (X, y) are given. The kernel K (X, y) is defined
in the square Q:{OLSXSB,OLS ySB} in the Xy— plane. The function (I)(X) is the
unknown required solution.
0
The given iterated Algorithm starts with an initial approximation (1)( )(X) to the

solution (I)(X) of integral equation (1) and then generates a sequence of solutions

<$;0>0

{(I)(q) (X)}OO that converges to (p(X) such that f(q)(x)_f(q-l)(x)
0

= f(q)(x)
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After the initial solution f (X) is chosen, the sequences of approximate solutions can be

generated by computing
B 1
D (x)=(x) + [k (xy) T (y)ay v a1 o
a
by o)
If we begin by ¢' /(X) =0, then we get

$96= 10+ 3, K

TKE(xy)f(y)dy va=1 (3)
10

where the iterated kernels K (X, y) can be found by the recurrence form

s—1)

K(S)(x,y):lj}K(x,z)K( (z,y)dz ; s>2 vqg=1 4)
o

where

K(l)(

X,y)=K(xYy)

Approximate the kernel K(X, y) using Maclaurin polynomial for functions of two

variables of degree N , then we can put it in the matrix form

K (%) =P (y)L(n)KL(n)P(x) ©)

where K = (k ) 1s an (n +l) (n +1) coefficients matrix whose entries are defined by
0” o) K (x y)‘

0 i+ >n

i+ jJ<n S — (6)
vi,j=o0o,n

and the matrix L(n) 1s an (n +1) X ( n +1) matrix defined by

L(n)= d'aG(;, L - 1) 7)

n!

The matrix P(X) of order (n +1) X (n +1) is defined to be
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P (x)=[Po(X) Pr(x) - Pn(¥)]

8)
where
pi(x):xi for i :O;_n
Now, we define the Maclaurin operational integration matrix ,H, to be
p
HszP(y)Pt(y)dy ©)
=pB(B)HB(B)-aB(a)HB(a)
Where
B()= diag(l o a® .. an);B(B) - diag(l B B2 .. B”) -

Here His the well - known Hilbert matrix of order (n +1)><(n +1) with elements

H :(i + j-l)-l . Substituting (5) into (4) and by virtue of (9) the iterated kernels

ij
K(S)(X,Y) become

<) (xy) = Pt(x)l:('-(”) KL(n)' H} (S_l) (LO)KL()) P() (11

Also, approximating the data function f (X) in Maclourin polynomial of degree N yields

f(x)=P'(X)F ; F'=[ty f = fu] ©
where
i
f; - d'f(x) ;i=0,n
il dXI “=0

Now, Substituting (11) and (12) into (3) we find that
D (x) =pt (x)F

+§£Pt(x)[l‘<tH] St P(y)[Pt(y) F]dy

Again using the operational matrix given by (9), we get

(13)
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f(q)(x):Pt(x)|:|n+1+ %l[ktHT}FVq >1 (14)

where
K=L(n)KL(n)
Let Q(q) is the (n + 1) X1 iterative coefficients vector defined by
qr._ S
Q(q)(aij) = |:'n+1 + Zl[KtH] } (15)
S=

Then we have

{D (x)=pt(x) QD
If C= |~(tH ,then the approximate solution f(q) (X) converges to the exact ¢(X ) if one
of the following three conditions is satisfied

n
Cly = Z‘C--‘<l;
o= o 2

n
Cly = Z‘C--‘<1;
e = oo 2

i 2
Icl, =(p(CC )) <1
Where p(CCt) is the spectral radius of cct.

That is, to find the iterative solutions (I)(q) (X) of integral equation (1) it is required only to

compute the matrix K given by (6).

3. Computational Results
In this part we try to apply the old iterated kernel technique and the modified
technique via matrices to approximate the solution of Fredholm integral equation of the
second kind.
We will use suitable algorithms and MATLAB software, then we will compare the
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exact solution with the approximate one using suitable number of n points and finally graph

the results.

The computation is made on a personal computer using MATLAB 2012.

Example(1)

¢(x):1+jx¢(t)dt

Whose exact solution is given by @(X ) =1+ 2X

Table (1)

the approximate solution using the old iterated technique

N $(x)

1 x+1.0

2 15x+1.0

3 1.75x +1.0

4 1.875x+1.0

5 1.9375x+1.0

6 1.96875 x + 1.0

7 1.984375 x +1.0

8 1.9921875 x + 1.0

9 1.99609375 x + 1.0

10 1.998046875 x + 1.0

11 1.9990234375 x + 1.0

12 1.99951171875 x + 1.0

13 1.999755859375 x + 1.0

14 1.9998779296875 x + 1.0

15 1.99993896484375 x + 1.0

16 1.999969482421875 x + 1.0

17 1.9999847412109375 x + 1.0

18 1.99999237060546875 x + 1.0

19 1.999996185302734375 x + 1.0
20 1.9999980926513671875 x + 1.0
21 1.99999904632568359375 x + 1.0
22 1.999999523162841796875 x + 1.0
23 1.9999997615814208984375 x + 1.0
24 1.99999988079071044921875 x + 1.0
25 1.999999940395355224609375 x + 1.0
26 1.9999999701976776123046875 x + 1.0
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27 1.99999998509883880615234375 x + 1.0
28 1.999999992549419403076171875 x + 1.0
29 1.9999999962747097015380859375 x + 1.0
30 1.99999999813735485076904296875 x + 1.0
31 1.999999999068677425384521484375 x + 1.0
32 1.9999999995343387126922607421875 x + 1.0
33 1.9999999997671693563461303710938 x + 1.0
34 1.9999999998835846781730651855469 x + 1.0
35 1.9999999999417923390865325927734 x + 1.0
36 1.9999999999708961695432662963867 x + 1.0
37 1.9999999999854480847716331481934 x + 1.0
38 1.9999999999927240423858165740967 x + 1.0
39 1.9999999999963620211929082870483 x + 1.0
40 1.9999999999981810105964541435242 x + 1.0
41 1.9999999999990905052982270717621 x + 1.0
42 1.999999999999545252649113535881 x + 1.0
43 .9999999999997726263245567679405 x + 1.0
44 20x+1.0

The CPU time is equal to 4.227627 Seconds.

As the above table show, we reached the exact solution after 44 iterations.
Table (2)

The exact and approximate solution of the old iterated technique

N X, The exact sol The approximate sol The error
0 0 1 1 0
1 0.1 1.2 1.2 0
2 0.2 14 1.4 0
3 0.3 1.6 1.6 0
4 0.4 1.8 1.8 0
5 0.5 2 2 0
6 0.6 2.2 2.2 0
7 0.7 24 2.4 0
8 0.8 2.6 2.6 0
9 0.9 2.8 2.8 0
10 1 3 3 0
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exact
approx
0.8 1
The Error result
1
S o
L a a a a
'10 0.2 0.4 0.6 0.8 1
X
n
Figure(1)
Table (3)

the approximate solution using the modified technique via matrices

N #(X) N #(X)

1 1.0*x + 1.0 12 1.99951*x + 1.0
2 1.5*x +1.0 13 1.99975*x + 1.0
3 1.75*x + 1.0 14 1.99987*x + 1.0
4 1.875*x + 1.0 15 1.99993*x + 1.0
5 1.9375*x + 1.0 16 1.99996*x + 1.0
6 1.96875*x + 1.0 17 1.99998*x + 1.0
7 1.98437*x + 1.0 18 1.99999*x + 1.0
8 1.99218*x + 1.0

9 1.99609*x + 1.0

10 1.99804*x + 1.0

The CPU time is equal to 1.6224 Seconds
As the above table show, we reached the exact solution after 18 iterations.
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Table (4)

The exact and approximate solution of the modified technique via matrices

N X, The exact sol | The approximate sol The error
0 0 1 1 0
1 0.1 1.2 1.19999923706055 7.62939453169409e-07
2 0.2 1.4 1.39999847412109 1.52587890611677e-06
3 0.3 1.6 1.59999771118164 2.28881835928618e-06
4 0.4 1.8 1.79999694824219 3.05175781245559e-06
5 0.5 2 1.99999618530273 3.81469726562500e-06
6 0.6 22 2.19999542236328 4.57763671901645e-06
7 0.7 2.4 2.39999465942383 5.34057617196382e-06
8 0.8 2.6 2.59999389648438 6.10351562491118e-06
9 0.9 2.8 2.79999313354492 6.86645507785855¢-06
10 1 3 2.99999237060547 7.62939453125000e-06

s The exact and approximation results

& LI T 1 - —

[1-]

exact
approx
0.8 1
i
0.8 1

Figure(2)
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Example(2)
1
B(x) =€ —1+jt ¢ (t) dt
0

Whose exact solution is given by @(X ) =€ X

Table (5)
the approximate solution using the old iterated technique

N #(x)

1 exp(x)-0.42957045711477803706657141447067

2 exp(x) - 0.21478522855750270537100732326508

3 xp(x) - 0.10739261427852397901006042957306

4 exp(x) - 0.053696307139034615829586982727051

5 exp(x) - 0.026848153569972055265679955482483

6 exp(x) - 0.013424076784758653957396745681763

7 exp(x) - 0.0067120383923793269786983728408813

8 exp(x) - 0.0033560191959622898139059543609619

9 exp(x) - 0.0016780095984358922578394412994385

10 | exp(x) - 0.00083900479876319877803325653076172

11 exp(x) - 0.000419502399836346739903092384338

12 | exp(x) - 0.00020975119969079969450831413269043

13 | exp(x) - 0.00010487559984539984725415706634521

14 | exp(x) - 0.000052437799695326248183846473693848

15 | exp(x) - 0.000026218900075036799535155296325684

16 | exp(x) - 0.000013109449810144724324345588684082

17 | exp(x) - 0.0000065547246776986867189407348632812
18 | exp(x) - 0.0000032773627935966942459344863891602
19 | exp(x) - 0.0000016386811694246716797351837158203
20 | exp(x) - 0.00000081934058471233583986759185791016
21 exp(x) - 0.00000040967006498249247670173645019531
22 | exp(x) - 0.0000002048354872385971248149871826171
23 | exp(x) - 0.00000010241728887194767594337463378906
24 | exp(x) - 0.000000051209099183324724435806274414062
25 | exp(x) - 0.0000000256040948443114757537841796875
26 | exp(x) - 0.000000012802502169506624341011047363281
27 | exp(x) - 0.000000006401023711077868938446044921875
28 | exp(x) - 0.0000000032005118555389344692230224609375
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29 | exp(x) - 0.0000000016002559277694672346115112304688
30 | exp(x) - 0.00000000079990059020929038524627685546875
31 exp(x) - 0.0000000004001776687800884246826171875

32 | exp(x) - 0.00000000020008883439004421234130859375

33 | exp(x) - 0.000000000100044417195022106170654296875
34 | exp(x) - 0.00000000005002220859751105308532714843

35 | exp(x) - 0.00000000002501110429875552654266357421875
36 | exp(x) - 0.00000000001227817847393453121185302734375
37 | exp(x) - 0.0000000000059117155615240335464477539062
38 | exp(x) - 0.0000000000031832314562052488327026367187
39 | exp(x) - 0.00000000000136424205265939235687255859375
40 | exp(x) - 0.00000000000045474735088646411895751953125
41 exp(x) - 0.00000000000045474735088646411895751953125

The CPU time is equal to 5.928038 Seconds.
As the above table show, we reached the exact solution after 41literations.

Table (6)

The exact and approximate solution of the old iterated technique
N | X, The exact sol The approximate sol The error
0 0 1 0.999999999999545 4.54747350886464e-13
1 |01 1.10517091807565 1.10517091807519 4.54747350886464e-13
2 102 1.22140275816017 1.22140275815972 4.54747350886464e-13
3 103 1.34985880757600 1.34985880757555 4.54747350886464e-13
4 |04 1.49182469764127 1.49182469764082 4.54747350886464e-13
5 105 1.64872127070013 1.64872127069967 4.54747350886464e-13
6 | 0.6 1.82211880039051 1.82211880039005 4.54747350886464e-13
7 |07 2.01375270747048 2.01375270747002 4.54747350886464e-13
8 |08 2.22554092849247 2.22554092849201 4.54747350886464e-13
9 |09 2.45960311115695 2.45960311115650 4.54747350886464e-13
10 | 1 2.71828182845905 2.71828182845859 4.54747350886464e-13
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s The exact and approximation results
g 5 . . . :
n ' ' '
©
L exact |
€0 i i i approx
e o 0.2 0.4 0.6 0.8 1
X
n
The Error result
_ . . . .
O
[
[ ]
L
i, i i i i
0 0.2 0.4 0.6 0.8 1
X
n
Figure(3)
Table (7)
the approximate solution using the modified technique via matrices
N
#(X)
1 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x + 1.5
2 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +1.82940
3 0.00833*x"*4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +1.99411
4 0.00833*x"*4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.07646
5 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.11764
6 0.00833*x"*4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.13823
7 0.00833*x"*4 + 0.04166*x"3 + 0.16666*x2 + 0.5*x +2.14852
8 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15367
9 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15624
10 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15753
11 0.00833*x*4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15817
12 0.00833*x"4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15849
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13 0.00833*x4 + 0.04166*x3 + 0.16666*x\2 + 0.5*x +2.15865
14 0.00833*x"4 + 0.04166*x3 + 0.16666*x*2 + 0.5*x +2.15873
15 0.00833*xM4 + 0.04166*x\3 + 0.16666*x"2 + 0.5*x +2.15877
16 0.00833*x"4 + 0.04166*x3 + 0.16666*x"2 + 0.5*x +2.15879
17 0.00833*x4 + 0.04166*x3 + 0.16666*x\2 + 0.5*x +2.15880
18 0.00833*x4 + 0.04166*x3 + 0.16666*x"2 + 0.5*x +2.15881
19 0.00833*x4 + 0.04166*x"3 + 0.16666*x"2 + 0.5*x +2.15881
20 0.00833*x"4 + 0.04166*x"*3 + 0.16666*x2 + 0.5*x +2.15881

The CPU time is equal to 2.0904 Seconds

As the above table show, we reached the exact solution after 20 iterations.

Table (8)

The exact and approximate solution of the modified technique via matrices
N | X, The exact sol The approximate sol The error
0 0 1 0.640745949318671 0.359254050681329
1] 01 1.10517091807565 0.745916865985337 0.359254052090310
2102 1.22140275816017 0.862148615985337 0.359254142174833
3103 1.34985880757600 0.990603699318670 0.359255108257333
4 | 04 1.49182469764127 1.13256461598534 0.359260081655934
51 05 1.64872127070013 1.28944386598534 0.359277404714792
6 | 06 1.82211880039051 1.46279394931867 0.359324851071841
7 | 07 2.01375270747048 1.65431736598533 0.359435341485143
8 | 08 2.22554092849247 1.86587661598533 0.359664312507136
9 | 09 2.45960311115695 2.09950419931866 0.360098911838288
10| 1 2.71828182845905 2.35741261598533 0.360869212473721
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s The exact and approximation results
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4. Conclusion

A simple Iterative Algorithm for the solution of Fredholm Integral Equations of the second

kind has been presented. The given method gives a very simple form for the iterated kernels

via the well - known Hilbert matrix. Thus, the iterative solutions of an integral equation of

the second kind can be reduced to the solution of a matrix equation, whereas only one

coefficient matrix is required to be computed. Therefore, computational complexity can be

considerably reduced and much computational time can be saved. The new proposed

approach needs a small number of iterations to provide an exact result, that proofs the

power of the presented Algorithm, and stimulates to find out the relation between the

integral equations and Hilbert Matrix. Briefly words the Advantages of the given modified

method Maye be concluded as

e Decrease the CPU time In a spectacular way.

e less number of iterations to reach the iterative solution

e Easy to compute because only the kernel matrix is required to find the iterative solution

e It is more powerful if the kernel function is complicated as in our new method we
differentiate the kernel to get the solution but in the old one we integrate
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