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Abstract
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1. Introduction

In 1922, S. Banach [11] established a fixed point theorem for contraction mapping in
complete metric space which is famous as Banach Fixed Point Theorem. Since then, many
generalizations of this theorem have been obtained by various authors by weakening its
hypothesis while retaining the convergence property of successive iterates to the unique
fixed point of the mapping.

The purpose of this article is to establish some fixed point results for single and pair of
mappings which generalize and extend some existing well-known results in the literature.
Now we start with following definitions, lemmas and theorems.

2. Preliminaries

Definition 1 Let X be a non empty setand d be a real function from X x X into R" such
that for all X, Y,z e X, we have

1. d(x,y)=0
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2. d(x,y)=0<=x=y

3. d(x,y)=d(y,x)
4. d(x,2)<d(x,y)+d(y,2)

then, d is called a metric or distance function and the pair (X,d) is called a metric space.
Definition 2 A sequence {X,} in a metric space (X,d) is called a Cauchy sequence if for given &
> (), there corresponds N, € N such that for all m,n > n, , we have d(X,,,X,) < €.

Definition 3 A sequence in metric space converges with respect to d (or in d) if there exists X € X
such that d(X,,X) >0 as n >,

In this case, X is called limit of {X,} and we write X, —> X.

Lemma 1 Every subsequence of a convergent sequence to a point X, is convergent X .

Theorem 1 (Banach's Contraction Mapping Theorem) Let (X, d) be a complete metric space
and T : X — X be a map such that d(Tx,Ty) <ad(X,y) for some 0<a <1 and all X,y € X
then T has a unique fixed point in X.

Moreover, for any X, € X the sequence of Picard iterates {T"x,},n >0 converges to

the fixed point of T.

3 Main Results
Theorem 2 Let (X, d) be a complete metric space. Let T : X — X be continuous mapping satisfying
the condition

d(x, TX)d(y,Ty) +d(x,Ty)d(y,Tx) N d(x, TY)[d(x, TX)+d(y,Ty)]

d(Mx.Ty)<e d(x,y) d(x, y)+d(y, Ty) +d(y,Tx)

d(x, TX)d(y, TxX)+d(y,Ty)d(x,Ty) +Kd(x,Tx)d(x,Ty)+d(y,Ty)d(y,Tx)
d(x, TX)+d(y, TX)+d(y,Ty) +d(x,Ty) d(x,Ty)+d(y, Tx)
+o[d (X, TX) +d(y, TY)]+7[d (y, TX) +d(x, Ty]+ rd (X, y)
for all X,ye X,x#Y and for «, f,7,x,0,1, £ €[0,1) such that 2a+2x+45+4n+2u<2

then T has a unique fixed point in X.
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Proof. Define TX, = X,,, then

d (X0 %,)

=d(Tx,,Tx. ;)<

n+1

d(x,, Tx,)d(x, ;, Tx, ;) +d(x,, Tx,,)d(X,;,TX,)
d(x,, X, 1)

d(x,, Tx,_)d(x,, Tx,)+d (X, ;, Tx, )]
d(x,, X, )+d(x, ;, Tx, ) )+d(x,,,Tx,)

d(x,, Tx,)d (X, ;, TX,)+d (X, ;, T, )d(x,, TX ;)

P00 Tx ) +d (X0 TX ) +d (X, 1 TX, ) +d (X TX, L)

K d(x,, Tx,)d(X,, TX, ) +d(X, 1, TX,)d (X, 4, TX,)

d(x,, Tx, ) +d(x,;,Tx,)

+old(X,, Tx,)+d (X, , TX, )]+71d (X, ,, Tx,)+d(X,, Tx, )]+ (X, X, ;)

+p

s(a+%+5+n)d(x )+ (c+3+n+m)d(X,, X, )

n? *n+l

cd(x )< KX g

n+l!* *n/ —

1—(a+%+5+77)

n? n—l)

hence,

d(X,,., X,) < Ad(X,, X, ;) where A= (k+S+m+p) ., 0<A<1.

1—(a+%+5+77)

continuing the same process we get

d(xn+1’ n) < ﬂ'nd(xl XO)

Now for any m,n M >N using triangle inequality we have
d(xn’ m)<d(xn! n+1)+d(xn+l’ n+2)+d(xn+2' n+3)+ +d(xm 1! m)
S (X, Xo) + A (X, %) + AP (X, X ) + ..+ AT (X, %)

<A + A+ A (X, %) = ll—ﬂd(xp X;)

N
_ld(xl,x0)<g

For any & >0 choose a positive number N >0 such that

/le

Then forany m>n>N, d(x,, m)_ ld(Xl,X0)<8

Xo) S5
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Hence {X,} is a Cauchy sequence in X . Since X is complete so there exists a point

Ue X such that X, = U as N —>00. Further continuity of T in X implies

T(u)=T(limX,) =limTX, = lim X,,; =Uu

n—o0 nN—o n—o0

therefore U is the fixed pointof T .

Uniqueness:
If possible, let U and V are two fixed point of T so that by definition we have

Tu=u & Tv=V.So

d(u,v) =d(Tu,Tv)
<u d(u,Tv)d(v,Tv)+d(u,Tv)d(v,Tu) ny d(u, Tv)[d(u,Tu)+d(v,TVv)]

d(u,v) d(u,v)+d(v,Tv)+d(v,Tu)

d(u,Tu)d(v,Tu)+d(v,Tv)d(u,Tv) e d(u,Tu)d(u,Tv) +d(v,Tv)d (v, Tu)
d(u,Tu)+d(v,Tu)+d(v,Tv)+d(u,Tv) d(u,Tv)+d(v,Tu)
+o[d(u, Tu)+d (v, TV)]+7[d (v, Tu) +d(u,Tv)]+ d (u,v)
which implies  d(u,V) <(a+ 277+ u)d(u,Vv)
which is a contradiction, since 2 +2x+40+4n+2u<2.

Hence d(u,v) =0= U =V. This completes the proof of the theorem.

Remark:

In theorem (2) If

1. a=f=y=x=0=n=0 then the theorem is reduced to Banach [11]
2. a=pf=y= = 1 =0 then the theorem is reduced to Kannan [8]
3. a==y=Kx=1n=0 then the theorem is reduced to Chatterjee [10]
4. a ==y =K=0 =0 then the theorem is reduced to Fisher [1]

5. @ = =y =Kk =0 then the theorem is reduced to Riech [12]

6. a=pB=y=06=n=u=0 then theorem is reduced to M. S. Khan [6]
7. kK =0 then the theorem is reduced to R. Bhardwas et.al [7]
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Now we establish a result for which T is not necessarily continuous in X but T' is
continuous for some positive integer r then T has a unique fixed pointin X .

Theorem 3 Let T be a self mapping defined on a complete metric space (X,d) such that the

condition (1) holds. If for some positive integer r, T" is continuous then T has a unique fixed point in
X.

Proof. Let us define a sequence {X,} as in theorem (2), then clearly it converges to some
point U of X. So we can define a subsequence {X“k} of {X,} which also converges to the

same point U of X . Now

T'u=T"(lim Xnk): lim (T’xnk): lim(x, )=u.
k—»00 k—»o00 k—>0

Mk+1

Hence U is a fixed point of T".

Now we show that Tu =U.
Let p Dbe the smallest positive integer such that TPu=u but
T9#u, for g=1,23..p-1.1f p—1>0 then
white.d (Tu,u) =d(Tu,T Pu)
=d(Tu, T(T "))
S0{d(u,Tu)d(T"‘1u,T"u)+d(u,T"u)d(I'p‘lu,Tpu)
d(u,T ")
d(u, TPu)[d(Tu, TPu)+d(T*"u, T u)]
d(u, TP u)+d (T, TPu)+d(T " 'u,Tu)

d(u, Tu)d (T " 'u, Tu) +d(T *'u, T Pu)d (Tu, T "u)
d(u,Tu)+d(T°"u, Tu)+d(T°'u, T u) +d(Tu,T u)
+Kd(u,Tu)d(u,Tpu)+d(Tp‘lu,Tpu)d(I""lu,Tu)

d(u, TP u)+d(T""u,Tu)
+o[d(u, Tu) +d (T " u, TPu)]+7[d (T *'u, Tu) +d (u, T "u)]+ 2d (u, T *'u)

+p

ie

d(u,Tuy < —OFEHETHA) g, 7o)
1—(a+%+5+n)
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du,Tu)<Ad(u, TP ') <...< 2°d(u, Tu)
(O+x+n+ )

1—(05+%+5+77)

where A= <1

a contradiction, hence d(u,Tu)=0= u=Tu

The uniqueness can be followed as in theorem (2). This completes the proof of the theorem.

Theorem 4 Let S and T be mappings of a complete metric space (X, d) into itself. Suppose that there
exists a non negative real number & and f such that a+2 <1 and
d(x, Tx)d(x,Sy)+d(y,Sy)d(y,Tx)
d(x,Sy)+d(y,Tx)
+ pmax{d (x,Tx)+d(y, Sy),d(y,Sy) +d(x, y),d(x, Tx)+d(x, y)}

forall X,y € X then S and T have a unique common fixed point.

d(Tx,Sy) <«

Proof. Let X, € X . Define the sequence {X,} by

Xong = S(Xon) s Xones =T (Xp0,1), n=0,1, 2, ... then we have

d(x,, X,) = d(Sxy, Tx,) = d(Tx;, SX;)
< o 306, Tx)d (X, S%p) +d (%, S%,)d (%5, T%,)
d (%, S%,)d (X0, TX,)
+ pmax{d (x;, Tx) +d (X, S, ), d (Xq, SXo) +d (X, X0), d (%, TX ) +d (X, %)}
d (X, %)d (%1, %) +d (X5, X)d (%o, X,)
d (%, %) +d (X, X,)
+ pmax{d (X, X,) +d (%o, %), d (X, %) +d (X, X5), d (X, %) +d (X, %), }
= ad (X, %) + A{d (%, X,) +d (X, %)}

(1= 8)d (X, %;) < (a+ £)d (%, X,)

d(mx»s%d(xo,xl)
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Put /12# where 0< A <1

Then d(X,, X,) < Ad (X, X;)

Similarly we can show, d(X,,X;) < Ad (X, X,)

In general we have d(X,, X,,;) < A"d (X, X,)

Hence {X,} ia Cauchy sequence. Since X is a complete metric space, so the sequence {X,}

converges to some point x in X.
For the point x,

d(x,Tx) <d(X,X,,,)+d(TX,,Tx)
d(x,, Tx,)d(x,, TxX)+d(x,Tx)d(x,Tx,)

d(x,, Tx)+d(x,Tx,)
+ gmax{d(x,, Tx,) +d (X, Tx),d (X, TX)+d(x,, X),d(X,, Tx,)+d(X,, X)}
d(x,, X,..)d (X, TX)+d (X, Tx)d (X, X,,,)

d(x,, TxX)+d (X, X,.;)

+ pmax{d (X, , X,,,) +d (X, Tx),d(x,Tx) +d(X,, X),d(X,, X,,;) +d(X,, X)}
Taking limit as N — o0 we have,
d(x,Tx) < Sd(X,TX) a contradiction.

Sd(X,TX)=0=x=Tx.

Hence X is the fixed point of T . Similarly following the same process we can show that X is

=d(x,x,,)+a

=d(x,x,,,)+a

the fixed point of S. Hence X is the common fixed pointof T and S .

Uniqueness:
To show X is a unique common fixed point of the mappings T ans S if possible let y be a

fixed point of S .

d(x,y) = d(Tx,Sy)

d(x, TX)d(x,Sy)+d(y,Sy)d(y,Tx)
d(x,Sy)+d(y,Tx)

+ Smax{d (x,TX) +d(y,Sy),d(y,Sy) +d(x, y),d(x,TX)+d (X, y)}

_ 3. xd(x,y) +d(y, y)d(y.x)
d(x,y)+d(y,x)

+pmax{d(x,x) +d(y, y).d(y, y) +d(x,y),d(x, x)+d(x, y)}
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d(x,y) < pd(x,y)
which is a contradiction, since a+24 <1, Hence d(X,y)=0=Xx=Yy. This coplets the

proof of the theorem.
Remark:
If f =0 we get theorem 2 of M.S. Khan [6]

If o =0 we get theorem 3.7 of R. Shrivastva et. al. [9].

If S=T then we get the following corollary
Corrollary 1

d(x, TX)d(x, Ty)+d(y,Ty)d(y,Tx)
d(x,Ty)+d(y,Tx)
+ gmax{d (X, TX) +d(y,Ty),d(y,Ty)+d(x,y),d(X, Tx)+d(x,y)}

d(Tx,Ty) =«

Remark:

If o =0 then we get A -Contraction introduced by M. Akram et.al [5].

If f =0 we get theorem 1 of M. S. Khan [6]

Again the result of theorem (2) can be further generalized. In this case, the mapping T is
neither continuous nor satisfies the condition (1) but T™ for some positive integer M

satisfies the same rational condition and contiuous, T still consumes a unique fixed point in
X.

Theorem 5 Let T be continuous self map defined in a complete metric space (X, d) such that for some
positive integer m, satisfies the condition

d(x, T™)d(y, T"y)+d(x, T"y)d(y,T"x)
d(x,y)
d,T"Y)[d(x,T"x)+d(y, T"y)]
d(x,y)+d(y, T"y)+d(y,T"x)
d(x, T™)d(y, T"X)+d(y, T"y)d(x,T™y)
d(X, T™X)+d(y,T"X)+d(y, T"y)+d(x,T"y)
e d(x, T™)d(x, T"y)+d(y,T"y)d(y,T"x)
d(x, T"y)+d(y,T™x)

dT"x,T"y) <«
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+old (X, T™)+d(y, T"Y)]+7[d(y, T"X)+d(x, T"y]+d (X, y)
forall X,ye X,Xx#Y and for «, ,7,k,0,n, 1 €[0,1) such that 2a+2x+46+4n+2u <2,

if T™ is continuous then T has a fixed point in X.

Proof. By theorem (3), it is obvious that T™ has a unique fixed point U in X ie T"(u)=u.
Also

TU) =T ") =T"(Tu)
From both relations we conclude that T(U)=U. i.e T has a fixed point U in X. This

completes the proof of theorem.

Theorem 6 Let {T,} be a sequence of mappings of a complete metric space (X, d) into itself. Let X,
be a fixed point of {T,} (n=1, 2, ...) and suppose {T,} converges uniformly to T,. If T, satisfies the

condition
AT, xT,y) < d (X, Tex)d (X, Toy) +d (Y, Ty)d (Y, ToX)
d(x,Toy) +d(y, ToX)
d (X, ToY)[d (X, ToX) +d (y, Tyy)] (% y)
d(x,y)+d(y, Toy) +d(y, Tox)
forall X,ye X,Xx#Y and for «, f,7,€[0,1) such that a+ f+y <1 then {X,} converges to

the fixed point X, of T,.

Proof. From Theorem (2) and by given remarks conclude that T, has a unique fixed point
satisfying the given rational expression. Let &>0 be given, then there exists a natural
number N such that

&

d(T X, T,X) <———— forall Xxe X and n>N.
1-(a+p+y)

d(X,, %) =d(T,X,, ToX,) <d (T, X,, ToX,) +d(TX,, TyX,)

d (Xy, ToXa)d (Xq, ToXg) +d (X, ToXo)d (%o, ToX,)
d(x,, ToX,) +d (X, TpX,)

d(x,, ToX ) (X, ToX,) + d(Xy, ToX

ATty d0eTo0) 730

d (Xy, ToXa)d (Xq, Xg) +d (%o, X0 )d (%o, ToX,)
d(X,, %) +d(Xg, ToX,

<d(T,x,,ToX,)+

+p

= d(Tan7T0Xn)+a
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i.e.

d (X, Xo)[d (X, ToXo) +d (X, %)] +d(X,, %)
d(X,, %) +d(Xy, %) +d (X, TyX,,) n+ Xo

<A(T %, ToX,) +(@+ B+ 7)d (X, %)

d(xn,xo)S;d(T X

X, Tx,)<eforn>N.
1-(a+p+7)

This shows that {X,} converges to X,. This completes the proof of the theorem.

Remark:
In the above theorem, if f =y =0 then we get theorem 3 of M. S. Khan[6].
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