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1. Introduction  

In 1922, S. Banach [11] established a fixed point theorem for contraction mapping in 

complete metric space which is famous as Banach Fixed Point Theorem. Since then, many 

generalizations of this theorem have been obtained by various authors by weakening its 

hypothesis while retaining the convergence property of successive iterates to the unique 

fixed point of the mapping. 

The purpose of this article is to establish some fixed point results for single and pair of 

mappings which generalize and extend some existing well-known results in the literature. 

Now we start with following definitions, lemmas and theorems.  

 

2.  Preliminaries 

Definition 1 Let X  be a non empty set and d  be a real function from XX   into R  such 

that for all Xzyx ,, , we have   

    1.  0),( yxd  
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    2.  yxyxd =0=),(   

    3.  ),(=),( xydyxd  

    4.  ),(),(),( zydyxdzxd   

 

then, d  is called a  metric or distance function and the pair ),( dX  is called a  metric space.  

Definition 2 A sequence }{ nx  in a metric space ),( dX  is called a Cauchy sequence if for given 

>  0, there corresponds 0n  N such that for all nm,  0n  , we have <),( nm xxd  .  

Definition 3 A sequence in metric space converges with respect to d (or in d) if there exists Xx  

such that 0),( xxd n  as .n  

In this case, x  is called limit of }{ nx  and we write nx  .x  

 

Lemma 1 Every subsequence of a convergent sequence to a point 0x  is convergent 0x .  

 

Theorem 1 (Banach's Contraction Mapping Theorem) Let (X, d) be a complete metric space 

and XXT :  be a map such that ),(),( yxdTyTxd   for some 1<0   and all Xyx ,  

then T has a unique fixed point in X. 

Moreover, for any Xx 0  the sequence of Picard iterates 0},{ 0 nxT n  converges to 

the fixed point of T. 

  

3  Main Results 

Theorem 2  Let (X, d) be a complete metric space. Let XXT :  be continuous mapping satisfying 

the condition  
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
   

 ),(],(),([)],(),([ yxdTyxdTxydTyydTxxd    

 for all yxXyx  ,,  and for [0,1),,,,,,   such that 2<24422    

then T has a unique fixed point in X.  
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Proof. Define 1= nn xTx  then  

 1( , )n nd x x  
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 continuing the same process we get  

 ),(),( 011 xxdxxd n

nn 
 

 Now for any nmnm >,  using triangle inequality we have  

 ),(),(),(),(),( 132211 mmnnnnnnmn xxdxxdxxdxxdxxd     
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Hence }{ nx  is a Cauchy sequence in X . Since X  is complete so there exists a point 

Xu  such that uxn   as n . Further continuity of T  in X  implies  

 uxTxxTuT n
n

n
n

n
n

=lim=lim=)lim(=)( 1


 

 therefore u  is the fixed point of T . 

 

 

 

Uniqueness: 

If possible, let u  and v  are two fixed point of T so that by definition we have 

vTvuTu =&= . So 

 

 ),(=),( TvTudvud  
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 ),()],(),([)],(),([ vudTvudTuvdTvvdTuud    

 which implies ),()2(),( vudvud    

which is a contradiction, since 2<24422   . 

Hence ( , ) = 0 =d u v u v . This completes the proof of the theorem.  

Remark: 

In theorem (2) If   

 1.  0======   then the theorem is reduced to Banach [11]  

 2.  0======   then the theorem is reduced to Kannan [8]  

3.  0=====   then the theorem is reduced to Chatterjee [10]  

4.  0=====   then the theorem is reduced to Fisher [1]  

5.  0====   then the theorem is reduced to Riech [12]  

6.  0======   then theorem is reduced to M. S. Khan [6]  

7.  0=  then the theorem is reduced to R. Bhardwas et.al [7]  
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Now we establish a result for which T is not necessarily continuous in X but rT  is 

continuous for some positive integer r  then T has a unique fixed point in X .  

 

Theorem 3  Let T be a self mapping defined on a complete metric space ),( dX  such that the 

condition (1) holds. If for some positive integer r, rT  is continuous then T has a unique fixed point in 

X.  

 

Proof. Let us define a sequence }{ nx  as in theorem (2), then clearly it converges to some 

point u  of X. So we can define a subsequence }{
k

nx  of }{ nx  which also converges to the 

same point u  of X . Now  
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 Hence u  is a fixed point of rT . 

 

Now we show that .= uTu  

Let p  be the smallest positive integer such that uuT p =  but 
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 ),(...),(),( 1 TuuduTudTuud pp     

 1<

)
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)(
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



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
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where  

 a contradiction, hence ( , ) = 0 =d u Tu u Tu  

 

The uniqueness can be followed as in theorem (2). This completes the proof of the theorem.  

 

Theorem 4 Let S and T be mappings of a complete metric space (X, d) into itself. Suppose that there 

exists a non negative real number   and   such that 1<2   and  
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 for all Xyx ,  then S  and T  have a unique common fixed point.  

 

Proof. Let Xx 0 . Define the sequence }{ nx  by 

)(= 212 nn xSx  , )(= 1222  nn xTx , n = 0, 1, 2, ... then we have 
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 Put 




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1
=  where 1<0   

Then ),(),( 1021 xxdxxd   

Similarly we can show, ),(),( 2132 xxdxxd   

In general we have ),(),( 101 xxdxxd n
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Hence }{ nx  ia Cauchy sequence. Since X is a complete metric space, so the sequence }{ nx  

converges to some point x in X. 

For the point x,  
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 Taking limit as n  we have, 

),(),( TxxdTxxd   a contradiction. 

( , ) = 0 =d x Tx x Tx  .  

Hence x  is the fixed point of T . Similarly following the same process we can show that x  is 

the fixed point of S . Hence x  is the common fixed point of T  and S . 

 

Uniqueness: 

To show x  is a unique common fixed point of the mappings T  ans S  if possible let y  be a 

fixed point of S .  
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 ),(),( yxdyxd   

 which is a contradiction, since 1<2  , Hence ( , ) = 0 =d x y x y . This coplets the 

proof of the theorem.  

Remark: 

If 0=  we get theorem 2 of M.S. Khan [6] 

If 0=  we get theorem 3.7 of R. Shrivastva et. al. [9]. 

 

If TS =  then we get the following corollary  

Corrollary 1  
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Remark: 

If 0=  then we get A -Contraction introduced by M. Akram et.al [5]. 

If 0=  we get theorem 1 of M. S. Khan [6] 

Again the result of theorem (2) can be further generalized. In this case, the mapping T is 

neither continuous nor satisfies the condition (1) but mT  for some positive integer m  

satisfies the same rational condition and contiuous, T still consumes a unique fixed point in 

X.  

 

Theorem 5 Let T be continuous self map defined in a complete metric space (X, d) such that for some 
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 ),(],(),([)],(),([ yxdyTxdxTydyTydxTxd mmmm    

 for all yxXyx  ,,  and for [0,1),,,,,,   such that 2<24422   , 

if mT  is continuous then T  has a fixed point in .X  

 

Proof. By theorem (3), it is obvious that mT  has a unique fixed point u  in X  i.e uuT m =)( . 
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completes the proof of theorem.  
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 This shows that }{ nx  converges to 0x . This completes the proof of the theorem. 

 

Remark: 

In the above theorem, if 0==   then we get theorem 3 of M. S. Khan[6].  
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