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Abstract 

We introduce an implicit type cyclic contractive mapping for a map in metric space and 

develop existence and uniqueness results of fixed points for such mappings. Examples are 

given to support the usability of our results. Some consequences are given after the main 

results. Fixed point results for well posed property, limit shadowing property and two 

metric spaces are also given. Finally, an application to the study of existence and uniqueness 

of solutions for a class of nonlinear integral equations is given. Our results extend, unify and 

generalize several well known comparable results in the literature. 
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1. Introduction 

Metric fixed point theory has primary applications in functional analysis. Extension of fixed 

point theory to generalized structures as cone metrics, partial metric spaces and quasi-metric 

spaces has received a lot of attention (see, for instance, [1 - 18] and references mentioned 

therein). The study of fixed points of mappings satisfying certain contractive conditions has 

been at the center of vigorous research activity. 

Celebrated Banach's [2] contraction mapping principle is one of the cornerstone in the 

development of nonlinear analysis. Recall that a self-mapping  where dX ,  is a 

metric space, is said to be a contraction if there exists  0 < k < 1 such that for all , 
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(1.1)      

Inequality (1) implies continuity of . A natural question is that whether we can find 

contractive conditions which will imply existence of fixed point in a complete metric space 

but will not imply continuity. 

One of the remarkable generalizations of the Banach contraction principle was reported by 

Kirk, Srinivasan and Veeramani [11] via cyclic contraction. A mapping  is 

called cyclic if  and  where  are nonempty subsets of a metric space 

dX , . Moreover,  is called cyclic contraction if there exists  such that 

 for all  and . Notice that although a contraction is continuous, cyclic 

contraction need not to be. This is one of the important gains of this theorem. 

 

Definition 1.1 (see [11,13]) Let dX ,  be a metric space. Let p be a positive integer, and 

 be nonempty subsets of X . Then Ai is said to be a cyclic 

representation of  with respect to  if 

(i). , are nonempty closed sets, and 

(ii). 
1121 )(,)(,....,)( AATAATAAT ppp
.                                

Following the paper in [11], a number of fixed point theorems on cyclic representation of  

with respect to a self-mapping T have appeared (see e.g. [1, 9, 10, 13, 14, 17]). 

In this work, we introduce a class of implicit type cyclic contractive of mappings and 

investigate the existence and uniqueness of fixed points for such mappings. Our main result 

generalizes and improves many existing theorems in the literature. Some consequences are 

given after the main results. Moreover, we state some examples and present an application 

to analyze the existence and uniqueness of solutions for a class of nonlinear integral 

equations. 

 

2. Main Results 

To complete the results, we need following setting of implicit contraction. 

We consider the set  of functions   satisfying the following properties:  

(i).  is continuous; 

(ii).  is nondecreasing with respect to  in the 4th and 5th variable; 

(iii).  There are  and   such that   and if   satisfy 

 then  and if     satisfy  

then ; 
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(iv). If  is such that  or  or 

, then  

Example 2.1 Let   denote 

(2)   (0,1). k for  , )t (t
2

1
, t, t, tmax k )t, t, t, t, (t 5432154321  

Then, . 

 

We state the notion of implicit type cyclic contractive mapping as follows. 

 

Definition 2.1 Let   be a metric space. Let p be a positive integer, and  be 

nonempty subsets of X . and  Ai  an operator    satisfies a implicit type cyclic 

contractive mapping for some . if 

(i). Ai is said to be a cyclic representation of  with respect to  

(ii). for any ,),( 1ii AAyx i =1 , 2 ,...,p (where ),  

(3)              

       

It is easy to acquire the following examples of implicit type cyclic contractive mapping from 

Example 2.2. Let X = [0,1] with the usual metric. Suppose  and   and 

Ai . Define   such that  

 

 Clearly, and  are closed subsets of  Moreover  so that Ai  , 

is a cyclic representation of  with respect to  Furthermore, if  denote  

(5)   , )t (t
2

1
, t, t, tmax  

4

3
)t, t, t, t, (t 5432154321  

where  for all  

Then, . 
Next we show that  satisfies implicit type cyclic contractive condition. We shall distinguish 

the following cases: 

(1) For ,  

 When  and  ,  we deduce and equation (3) is 

trivially satisfied. 

 When  and  ,  we deduce and  
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  then 
4

3
)t, t, t, t, (t 54321

, 

Equation (3) holds as it reduces to 
4

3

2

1
. 

(2) For ,  

 When and   we deduce and equation (3) is 

trivially satisfied. 

 When  and   we deduce and  

then 
4

3
)t, t, t, t, (t 54321

, equation 

(3) holds as it reduces to 
4

3

2

1
. 

Hence  is a implicit type cyclic contractive mapping. 

 

Our main result is the following. 

 

Theorem 2.1 Let  be a complete metric space, Let    be nonempty 

subsets of X . and  Ai  Suppose   is a implicit type cyclic contractive 

mapping, for some  Then  has a unique fixed point. Moreover, the fixed point of  

belong to    
Proof. Let  (such a point exists since ). Define the sequence  in by: 

 . 

We shall prove that  

(6)  

We suppose that   for all n. Then, from the condition (II), we have 

 

 

 

 

From  this implies that  that is, 

. 

Following the similar arguments, we obtain  and so on. Thus  becomes a 

constant sequence and  is the fixed point of  

X
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Take  for each . From the condition  we observe that for all  ,  there exists 

 such that  From  we have 

  

 

 

By , we have 

 

 

 

By , we obtain  

 (8)                                                           

Combining (7) and (8), we have 

 

Continuing this process, we get 

(9)   

 

Again, using  we have 

 

 

. 

From , we get 

                                                      

Using (9), we obtain 

                                                    

From (9) and (10), we get  

(11)   for all  

From (11) and using the triangular inequality, for all  with  we have 

 

 

 

Since  there exists , such that  

(12)                                                 for all  

Thus, for all  
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and so the sequence  is a Cauchy sequence in  

Since  is complete, there exists   such that 

(13)                                                                         

We shall prove that 

(14)      

From condition  and since  we have  Since  is closed, from (13), 

we get that  Again, from the condition  we have  Since  is 

closed, from (13), we get that  Continuing this process, we obtain (14). 

Now, we shall prove that  is a fixed point of  Indeed, from (14), since for all  , there exists 

 such that  Appling  with  and  we obtain for all  

 

 

 

(15)  

Passing to the limit  in (15), using (13), we get 

 

 

 

From , this implies that  that is, 

(16)  

That is,  is a fixed point of  

Finally, we prove that  is the unique fixed point of  Assume that  is another fixed point 

of that is From the condition  this implies that  . Then we can 

apply  for  and  We obtain 

 

Since  and are fixed points of  we can show easily that  If  

we get 

 

 

From , we get  that is . Thus we proved the uniqueness of the fixed 

point. 
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Remark 2.1 Theorem 2.1 is generalized form to Theorem 2.1 in [13]. 

 

If in Theorem 2.1, we take  for  we obtain the following result. 

 

Corollary 2.1 Let   be a complete metric space and  a mapping such that for any 

 

 

where  Then  has a unique fixed point         

 

Remark 2.2. Corollary 2.1 extends and generalizes many existing fixed point theorems in the 

literature [2, 3, 4, 5, 7, 8, 15, 16]. 

Using the obtained result given by Theorem 2.1, we will prove the following theorem.   

 

Theorem 2.2. Let   be a metric space. Let p be a positive integer, and   

be nonempty subsets of X  and  Ai  an operator   Suppose that there exists 

three positive constants A,B,C with A+2B+2C<1 such that 

(i). Ai is said to be a cyclic representation of  with respect to  

(ii). for any ,),( 1ii AAyx i =1 , 2 ,...,p (where ),  

(17)              

 

Then  has a unique fixed point. Moreover, the fixed point of  belong to   
Proof.   Define  :   by 

    for all   

Denote  

                         

Since A+2B+2C < 1,  we have   If      we have 

   

which implies that    Now, if      we have 

 

which implies that  Suppose now that     We get    which 

implies that   Since    we have  

    Then   The same result holds if     or 

.  Therefore, .  Moreover, inequality (b) is equivalent to inequality (II). Then, 

to obtain the desired result, we have only to apply Theorem 2.1 for the considered function. 
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Remark 2.3.  Theorem 2.2 extends and generalizes the well known fixed point theorem of Hardy 

and Rogers [7] , [14, Theorem 7]. 

 

Remark 2.4.  Theorem 2.2 extends and generalizes Theorem 1.3 in [11] and Theorem 3 in [14]. 

Following consequences extends and generalizes the well known fixed point theorem of Rhoades 

[16] numbered as ( ) . 

 

Corollary 2.2    Let   be a metric space. Let p be a positive integer, and   be 

nonempty subsets of X  and  Ai  an operator   Suppose that there exists a constant 

  with    such that  

(i). Ai is said to be a cyclic representation of  with respect to  

(ii). for any ,),( 1ii AAyx i =1 , 2 ,...,p (where ),  

 

Then  has a unique fixed point. Moreover, the fixed point of   belongs to  

PROOF.    Define  :   by 

 

Since     we can apply Theorem 2.1 and obtain Corollary 2.2 . 

   

Corollary 2.3.    Let be a complete metric space,   nonempty closed 

subset of ,   and    Suppose that there exists a constant   with    

such that  

(a)    is a cyclic representation of  with respect to ; 

(b) for any     (with ) , 

 

  

Then  has a unique fixed point. Moreover, the fixed point of   belongs to  . 

Proof.    Define  :   by 

   

Since     we can apply Theorem 2.1 and obtain Corollary 2.3 . 

 

Corollary 2.4.    Let be a complete metric space,   nonempty 

closed subset of ,   and    Suppose that there exists a constant   

with   such that  
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(a)   is a cyclic representation of  with respect to ; 

(b) for any     (with ) , 

 

Then  has a unique fixed point. Moreover, the fixed point of   belongs to  . 

Proof.    Define  :   by 

   

Since   we can apply Theorem 2.1 and obtain Corollary 2.4 .  

 

Remark 2.5.  Corollary 2.4 extends and generalizes the well known fixed point theorem of Hardy 

and Rogers [7].  

We illustrate the use of Theorem 2.1 by the following : 

 

Example 2.3.  Let  . Mapping   is defined     

Clearly, the metric given above is complete metric space on   Consider the closed subsets  and 

  defined by  

  

and                                   

Define the self map T on  by  

 

Clearly, we have    and    . 

 Define  :   by 

   

 

where     and     for all 

  It is easy to see that  satisfies axioms (i) to (iv) of Ф.  Then   

 Next, we show that  satisfies implicit type cyclic contractive condition. Now, let 

 with   and  .  We have  
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 . 

Then we have 

(19)              

Moreover, we can show that (19) holds if  

Now, all conditions of Theorem 2.1 are satisfied (with p = 2), we deduce that T has a unique  

.021* AAx   

 

We present another an example showing how our Theorem 2.2 can be used. 

 

Example 2.4. Let  with the usual metric. Suppose  and  

and   Define   such that  for all  Clearly,  are 

closed subsets of  Moreover, mapping  is a implicit type cyclic contractive, where 

 defined by 

(20) ],[][)t, t, t, t, (t 5432154321 ttCttBAt  

Where  for all 

 Then, . 

Indeed, take  and  Equation (20) is reduces to 

 

To see contractive condition (21) is true, we examine following cases: 

Case   For  

(i). Suppose  Then equation (21) holds as it reduces to  

(ii). Suppose  Then equation (21) holds as it reduces to  

(iii). Suppose  Then equation (21) holds as it reduces to  

(iv). Suppose  Then equation (21) holds as it reduces to  

(v). Suppose  Then equation (21) holds as it reduces to  

Case   For  

(i). Suppose  Then equation (21) holds as it reduces to  

(ii). Suppose  Then equation (21) holds as it reduces to  

(iii). Suppose  Then equation (21) holds as it reduces to  
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Case  for   Then equation (21) trivially holds. 

Thus in all cases the equation (17) is verified. Similarly other cases can be seen. Hence  is a 

implicit type cyclic contractive mapping. Therefore, all conditions of Theorem 2.2 are 

satisfied (with p = 4), and so  has a fixed point (which is  

 

In the following, we have some more fixed point results under certain properties. 

Theorem 2.3. Let  be a self-mapping as in Theorem 2.1. Then the fixed point problem 

for  is well posed, that is, if there exists a sequence  in  with  as , 

then  as . 

Proof. Owing to Theorem 2.1, we know that for any initial value  is the 

unique fixed point of  Thus,  is well defined. Consider 

 

 

Passing to the limit as  1in the above inequality and using property of , we have 

. 

From the property  of , we have  as  which is equivalent to saying that 

 as . 

 

Theorem 2.4. Let  be a self-mapping as in Theorem 2.1. Then   has the limit 

shadowing property, that is, if there exists a convergent sequence  in  with 

 as , then there exists   such that   as . 

Proof. As in the proof of Theorem 2.3, we observe that for any initial value  

is the unique fixed point of  Thus, ,  are well defined. Set  as a limit of a 

convergent sequence  in  Consider 

 

 

Passing to the limit as  1in the above inequality and using property of , we have 

. 

From the property  of , we have  as which implies that  Thus we have 

as . 

 

Theorem 2.5. Let  be a non-empty set,  and  be two metric spaces,  

 be nonempty closed subsets of X . Then Ai . Suppose that  

(1). Ai  is said to be a cyclic representation of  with respect to  

(2).  for all  
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(3).  is a complete metric space; 

(4).  is continuous 

(5).  is implicit type cyclic contractive. 

 Then  converges to z in  for any  and  is the unique fixed point of  

 Proof. Let  As in Theorem 2.1, the assumption (5) implies that is a Cauchy 

sequence in  Taking (2) into account,  is a Cauchy sequence in  and due to 

(3) it converges to  in  for any  Condition (4) implies the uniqueness of  

 

3. An application to integral equation 

In this section, we apply the result given by Theorem 2.1 to study the existence and 

uniqueness of solutions to a class of nonlinear integral equations.  

We consider the nonlinear integral equation 

(22)  for all  

Where  and  are continuous functions. 

 Let  be the set of real continuous functions on  We endow  with the 

standard metric 

 for all  

It is well known that ,  is a complete metric space. 

Let  such that 

(23)     

We suppose that for all  we have 

(24)     

and  

(25)     

We suppose that for all  is a decreasing function, that is, 

(26)  

We suppose that 

(27)    

Finally, we suppose that for all  for all  with and or and 

, 

(28)  

where  is a nondecreasing, continuous function that belongs to  

Now, define the set 

 

We have the following result. 
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Theorem 3.1. Under the assumptions (23)-(28), Problem (22) has one and only one solution 

  

Proof. Define the closed subsets of  and  by 

 

and  

 

Define the mapping  by 

 for all  

We shall prove that 

(29)     and  

Let  that is,  for all .  

Using condition (26), since  for all  we obtain that 

 

The above inequality with condition (24) imply that 

 

for all  Then we have  

Similarly, let  that is,  for all  

Using condition (26), since  for all  we obtain that 

 

The above inequality with condition (25) imply that 

 

for all  Then we have  Finally, we deduce that (29) holds. 

Now, let  that is, for all  

 

This implies from condition (23) that for all  

 

Now, using conditions (27) and (28), we can write that for all   we have 
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This implies that 

 

Using the same technique, we can show that the above inequality holds also if we take 

 

Now, all the conditions of Theorem 2.1 are satisfied (with p = 2), we deduce that  has a 

unique fixed point  that is,  is the unique solution to (22). 
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