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Abstract

Consider a class of nonlinear Volterra integral in two variables (0.1) u(x,y) =

fle,y) + foxg(x,y, &u(é,y)) dé+ fox ny h(x,y,0,7,u(o,7))dodrwheref, g, h are given
functions and u is the unknown function to be found, and a class of nonlinear
Fredholm integro-differential equation of the type 0.2)
x(t) = g(t) + f;f(t, 5,%(s),x'(s),++,x™@V(s))ds, fora <t < b where x, g, f are real
valued functions and n > 2 is an integer. In this paper we ascertain the existence and
uniqueness of solutions for the equations (0.1) and (0.2) for variant of cyclic
contractions using fixed point theorems.

Keywords: Fixed point; cyclic contraction; integral equation; integrodifferential
equation.

Subject Classification: 47H10, 34B15, 35G30

1. Introduction:

Integral equations arise in many scientific and engineering problems. A large
class of initial and boundary value problems can be converted to Volterra or
Fredholm integral equations. The potential theory contributed more than any field to
give rise to integral equations. Many other applications in science and engineering
are described by integral equations or integro-differential equations. The Volterra's
population growth model, biological species living together, propagation of stocked
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fish in a new lake, the heat transfer and the heat radiation are among may areas that
are described by integral equations. Many scientific problems give rise to integral
equations with logarithmic kernels.

On the other hand, it is well known that discontinuous mappings cannot be
(Banach type [1]) contractions. In order to overcome this problem, Kirk et al. [7]
introduced cyclic representations and cyclic contractions in the following way. A
mapping T: AUB - AUB is called cyclic if T(A) € B andT (B) € A, where A, B
are nonempty subsets of a metric space (X,d). Moreover, T is called cyclic
contraction if there exists k € (0,1) such that d(Tx,Ty) < kd(x,y) for all x € A
andy € B. In [7], some fixed point results were obtained for cyclic contraction
mappings. Following this paper, a number of fixed point theorems on (generalized)
cyclic contractions have appeared (see, e.g., [2, 3, 14, 12, 5, 6, 8, 9, 13]). It is worth
mentioning that a (generalized) cyclic contraction need not be continuous.

The motivation of this paper is originate existence and uniqueness of
solutions for a class of nonlinear volterra integral equation in two variables and
nonlinear Fredholm integro-differential equation for different variant of cyclic
contraction mappings. To accomplish this aspiration the distinguished results given
in the papers [8] and [9] are bring into play.

Throughout this paper, we designate the set of all nonnegative real numbers by R,
and the set of all natural numbers by N.

2. RESULT ON NONLINEAR VOLTERRA INTEGRAL EQUATIONS IN TWO
VARIABLES

To complete the theorem of this section, we need following result given by Nashine

[8]:

Theorem 2.1 [8, Theorem 2.1] Let (X,d) be a complete metric space,p €N,
Ay, Ay, Az, -+, A, nonempty closed subsets of X and Y =U§’=1 A;. Suppose T: Y - Y
is a cyclic generalizediy-weakly contractive mapping, for some 1 € ¥, andF € F;.
Then T has a unique fixed point. Moreover, the fixed point of T belongs to N?_, A;.
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Consider the nonlinear Volterra integral equations in two variables of the
forms (Pachpatte [11]):

x X ry
w(xy) = f(x,y) = f 906, & u(E,y)) dé + j f h(x,y,0,7,u(o,7))dodx
0 0 0

where f, g, h are given functions and u is the unknown function to be found.

Let R denote the set of real numbers and C (S, S,) the class of continuous functions
from the set S; to the set S,. We denote by R, = [0,©), E = Ry X Ry, E; =
{f(x,y,s):0<s<x<o,yeER,Land E, ={f(x,9,5t):0<s<x <, 0<t<y<
0,

Throughout, we assume thatf € C(E,R),g € C(E; X R,R),h € C(E; X R, R).
Denote by S the space of functions z € C(E, R) which fulfill the condition

(2.1). 1z(x, £)| = O(exp(A(x +¥))),
where A is a positive constant. Define the norm in the space S as

(2.2). |z|s = sup|lz(x, ©)| exp(—A(x + y))].

It is easy to see that S with the norm defined in (2.2) is a Banach space. We note that
the condition (2.1) implies that there is a constant My >0 such that
|z(x,t)| < My exp (A(x + y)). Using this fact in (2.2) we observe that

(23) |Z|S < MO'
Define a mapping 7:S — S by

X X y
Tw,y) = fx,y) + L 9(x, v, & u(E,y)) dé + L L h(x,y,0,7,u(0,7))dodr.

foru € S. Note that, if u* € S is a fixed point of T, then u* is a solution of the problem
(2.1).
We shall prove the existence of a fixed point of T under the following conditions.

(I)  There exist @, B € S?, (ay, By) € R? such that

ap < alx,t) <B(x,t) < Bo(x,t) ERL X R,
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and for all (x,t) € R, X R,, we have

a(x,t) = f(x,t) + jxg(t,s, & B(E,5)) dE + jxjyh(t, s,0,7,6(0,7))dodt and
0 0o Jo

x X ry
B(x,t) = f(x,t) + f g(t,s, & B(&,s)) dé +.[ f h(t, s,0,1, (o, T))dO'dT.
0 0o Jo

(I)  The functions g, h in equation (2.1) satisfy the conditions
l9Cy,§u) = g%y, 8, W) < hyg(x,y, O lu—1l,

lgx,y,0,7,u) —g(x,y,0,7,0)| < h,g(x,y,0,7)|lu—1ul,

Where h; € C(E{,R,), h, € C(E,,R,).
(III) ~ There exist nonnegative constants §; < 1, §, such that

f ha(6,, €, B(E,5)) exp(AQx + ) d€
0

Xy
+ j j hy(x,y,0,7) exp(A(c + 1)) dodt < &; exp(A(x +¥)),
0 Jo
And

X X ry
flx,y) + j g(x,y,&0)dé + f j h,(x,y,0,7,0)dodt| < 8§, exp(A(x +¥)),
0 0 Jo

where 1 is as given in (2.1).

(IV)  The functions g, h in the equation (2.1) satisfy the conditions
uveE Rusv = gxtéu) =2gxtév)foreach (x,y,&) € E,and

h(x,t,0,7,u(0,7)) = h(x,t,0,7,8(0,7))for each (x,y,0,7) € E,
(V)  There exist (a, ) € S% such that a(t) < B(¢t) for t € R, and that

Ta)(x,t) < B(x,t) and (TB)(x,t) = a(x,t) for (x,t) € R, X R,.
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Theorem 2.2. Under the assumptions (I)-(III), the integral problem (2.1) has a unique
solution u* € § and it belongs to = {u € S: a(x,y) < u(x,y) < Bf(x,y),(x,y) € Ry X
R+.

Proof. The proof of the theorem is divided into three parts.
(A): First we show that 7" maps S into itself.

Evidently, Tu is continuous on S and7u € R. We verify that (2.1) is fulfilled.
From (2.2), and using conditions (II), (IIT) and (2.3) we have
24) 1TuCe, )| < [fFy) + [y 9(x,,E,0)dE + [ [ hy(x,y,0,7,0)dodz]|

+ [ lgboy.ue ) - [ gCoy. g 00d ag
0 0
x ry
+J- f |h(x,y,a,r,u(a,r))—h(x,y,a,r,0)| dodt
0o Jo
< 8, exp(A+ ) + | haCoy, Dl »ldg
0

x ry
+j f h,(x,y,0,17)|u(o,1)|dodt
0o Jo
< &, exp(Alx + 7))

+ Julg U hy (x,y,€) exp(A(x + y)) dé
0

x ry
+ f f h,(x,y,0,1) exp(/l(a, T)) dodt
0 Jo

< [6; + My6,] exp(A(x + ).
It follows from (2.4) that Tu € S. This proves that T maps S into itself.
(B): Define closed subsets ofS, A; and A, by
A, ={u€eS:ulx,t) <Bxt) for (x,t) € Ry X R}

And

A, ={u € S:ulx,t) = alx,t) for (x,t) € Ry X R, }.
We shall prove that
(2.5) T(A,) S A, and T (A,) € A,.

Letu € A4, thatis, u(x,t) < f(x,t) forall (x,t) € Ry X R,:
The conditions (I), (IV) and (V) imply that
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Tu(x,t) = f(x,t) + jxg(x, t,&,u(é t))dé + jxjyh(x, t,o,7,u(o,7))dodt
0 0 Jo

> f(x,t) + jxg(x, t,&,B(&t))dE + jxjyh(x, t,0,7,B(0,7))dodt = a(x,t)
0 0o Jo

for all (x,t) € R, X R,. Hence, we haveTu € A,.
Similarly, ifu € A,, it can be proved that Tu € A, holds. Thus, (3.11) is fulfilled.

(C): We verify that the operator T is a cyclic generalized 1-weakly contractive
mapping.
Letu,v € A; X A,, thatis, forall t € ],

u(x,t) < B t) <P, vixt) =alxt) = a,.
Using the properties (2.4) of T and conditions (II) and (III), we conclude that

(2.6) ITu(x,y) = Tv(x,y)| < [3 190y, &, uE ) — g(x,y,& v(E, ¥))| dE

Xy
+f j |h(x,y,0,7,u(0,7)) — h(x,¥,0,7,v(0,7))|dodT
0 0
X X ry
< [l GnOE N = vEIdE+ [ [ hatuyo D0 - (o Dldodr
0 0 0

X X ry
< lu—vlg U h, (x,v,&) exp(l(x + y)) dé + .f f h,(x,y,0,T) exp(/l(a, T)) dodrt
0 0o Jo

< &ilu—vlg exp(/l(x + y)),
From (2.6) we obtain (withk = §; < 1)

(2.7) |Tu—Tv|s < klu—v|g < kmax{lu—vIS,Iu—Tuls,lv—ﬂ"vls,%[lu—ﬂ"vls +
vr—Tusj.

Considering the functions ¥, F:[0,+w) — [0,+x) defined by F(t) =t andy(t) =
(1 = k)t; we get:

F(ITu—Tolg) < F (Ny(wv)) — ¥ (T (Ny (u, v))).
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Using the same technique, we can show that the above inequality also holds if we
take(u,v) € A, X A;,. All other conditions of Theorem 2.1 are fulfilled for the
complete metric space (A; U Ay, |. |s) and T restricted to A, U A,, (withp = 2).

We conclude that the operator T has a unique fixed point u* and, hence, the integro-
differential equation (2.1) has a unique solution in the set®.

3. RESULT ON NONLINEAR FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS
To complete the theorem of this section, we need following result given by
Nashine et al. [9]:

Theorem 3.1. [9, Corollary 3.3]. Let (X,d) be a complete metric space,p € N,
Ay, Aj, ..., Ay nonempty closed subsets of X and Y = Ule A;,. Suppose T: Y - Y is
an implicit relation type cyclic contractive mapping, for someT € {. Then T has a
unique fixed point. Moreover, the fixed point of T belongs toy = NF_, A,;,.

(3.1) x(t) =g() + f:f (t, s,x(s),x (s), ...,x(”_l)(s)) ds,
fora <t < b where x, g, f are real valued functions and n = 2 is an integer.

Let R denote the set of real numbers, E = R X --- X R (n times) be the product
space and I = [a,b] R, = [0,») be the given subsets ofR. Let C(S;,S,) denotes the
class of continuous functions from the set S; to the setS,. We assume thatg € C(I,R),
f € C(I* X E,R) and are continuously (n — 1)-times differentiable with respect to t,
on the respective domains of their definitions.

For continuous functionsu™ (t):1 » R (G=01,.,n—1), we denote by
lu®)lg = X2 1ul(t). Let S be a space of those continuous functions u(t):I - R
which are (n — 1)-times continuously differentiable, u(®),u'(t), ..., u™ V() € E and
fulfill the condition
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(32) lu(®)|g = 0(exp(4t))
whereA is a positive constant. In the space S we define the norm
(33) luls = supee{ [u(t)|g exp(=21)}.

It is easy to see that S with the norm defined in (3.3) is a Banach space. We note that
the condition (3.2) implies that there exists a nonnegative constant N such that
lu(t)|z < N exp(At). Using this fact in (3.3) we observe that

(3.4) luls < N.

Define the operator 7: S — S by
(3.5) T(xt) =g(t) + f;f(t, 5, x(5),x'(s), .., x™V(s)) ds

forx € S. Note that, if x* € S is a fixed point ofT , and then x* is a solution of the
problem (3.1).

We shall prove the existence of a fixed point of 77 under the following
conditions.

@) There exist (a, f) € S?, (ay, By) € R? such that for (j = 0,1,...,n — 1)
ay < a(t) <P(t) < Boand ag < aP () < BY(t) < Bo,t €1

and for all t € I, we have

b
a(t) < g(t) +f f(t, s,B(s),B'(s), ...,,8(”_1)(5)> ds

iy
a@ ) < gD + ;—;f (t, s, B(s),B (s), ...,,8(”_1)(5)) ds,t €1

and

b
(&) = g(t) +f f (t, s,a(s),a (s), ...,a("‘l)(s)) ds
J

t
BA) = gP(t) + ] % (t,s,a(s),a'(s), ...,a(”‘l)(s)) ds,t €1.
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()  f:IxIxE - Ris continuous and non-increasing with respect to the third
and onward up to (n — 1) variables, that is, for u,v € E,
u(t) = v(t) and uP () = v (t) fort el =

f (t, s,u(s),u'(s), ...,u(”_l)(s)) <f (t, s, v(s),v (s), ...,v("_l)(s)),and

J

%f (t, s,u(s),u'(s), ...,u(”_l)(s)) < aa—tjjf (t, s,v(s),v'(s), ...,v(”_l)(S)),

as<s<t<h.

(III) ~ The function f and its derivative with respect to t satisfy the conditions

(3.6)

a7 o/
ﬁf(t, S, Ug, Uy, ...,un_l(s)) - ﬁf(t, S, V0, U1 wees Un-1(5))

n—1
= rj(th)Zh"i — Vil,
i=0

(IV) For (j=0,,..,n—1) there exist nonnegative constants a; such that
o a; <land

(3.7) fab 1i(t,s) exp(As) ds < a; exp(At),
fort € I, where 1 is as given in (3.2).
(V) for (j =0,1,..,n — 1) there exist nonnegative constants P; such that

. t g/
g @®] +f |ﬁf(t,s, 0,0,...,0)| ds < P; exp(4t)
a

whereg, f are defined in equation (3.1) and 1 is as given in (3.2).
We have the following result for the set

Q={ueeal®) <u®) <p®,aP®) <uP@) <pV(),tel,j=01,..,n—1}
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Theorem 3.2. Under the assumptions (I)-(V), the integro-differential problem (3.1)
has a unique solution in the setQ.

Proof. The proof of the theorem is divided into three steps.
Step-One: First we show that 77 maps S into itself.
Differentiating both sides of (3.5) with respect to t we get
(3.9)
. . Lo/
TV () = gP(t) + f i (t, s,x(s),x (s), ...,x(n‘l)(s)) ds
a
forj = 0,1,...,n — 1. Evidently, (Tx), (Tx)" are continuous on I and (Tx)¥) € R. We

verify that (3.2) is fulfilled. From (3.5), (3.9) and using the hypotheses and (3.4) we
have

TDOe =) [T0P©] < ) 9P|
j=0 j=0

=

n—

b a] ' a]
+j—0 fa 57 f (65,2, % (), 0, x"D()) = == £ (6,5,0,0,..,0)| ds
n—1 b aj
+ f _f(t, S, 0:0: ,O) ds
), |0t/
Jj=0
n—1
< Z P; exp(At)

=0

-

-1

b
+ 3 [ 5 Elsds

0
1

S

S -

-1

3

b
< P; exp(At) + |x|s f 1 (t,5) exp(As) ds
0 j=0"9

—.
I

n—1 n—1
< Z P+ N Z a; [ exp(4¢).
j=0 j=0

From (3.10) it follows that(Tx) € S. This proves that 7 maps S into itself.
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Step-Two: Define closed subsets ofe, A, and A, (forj = 0,1,...,n — 1) by

A, = {u € S:ult) <B),uP () < BYP®) fort e}

And

A, ={u € S:u(®) = a(t),u(t) = aV(t) for t € 1}.
We shall prove that
(3.11) T(A) S A, and T(A,) S A

Letu € Ay, thatis, u(t) < B(t), u’(t) < Y(¢t) for t € I. Using condition (II), we
obtain that

(3.12) f(t s,u(s),u'(s), ... u("‘l)(s)) > f(t s,B(s),B (s), ... ﬁ(”‘l)(s)),and
(3:13) 2 £ (6,5,u(),u'(5), ., u™D(s)) = 2 £ (&5, B(5), B (), ., 7(s)),

Fora<s<t<h.
The inequality (3.12) with condition (I) imply that

(Tuw)(t) = g(t) +f (t,s,u(s),u'(s), ...,u("_i)(s)) ds

> g(b) +f (6.5, 8(),B'(s), .. B™V(s)) ds = a(t)
for all t € I. The inequality (3.13) with condition (I) imply that

b
TP @) = gP) +f :_t]ff (t, s,u(s),u'(s), ...,u(n‘l)(s)) ds

. b g , .
> g () + f 7/ (65.B(),B'(5), ., BD()) ds = a P (e)

For all t € I. Hence, we haveTu € A,.
Similarly, ifu € A,, it can be proved that Tu € A; holds. Thus, (3.11) is fulfilled.

Step-Three: We verify that the operator T is an implicit relation type cyclic
contractive map.
Let(u,v) € A, X A,, thatis, forall t € I,
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u(t) < B) < By, uP (@) < BDP() < By, V() = alt) = ay, v =aP(t) = a,.

Using the properties (3.5) and (3.9) of T and conditions (III), (IV) and (V), we
conclude that

T)® = THOs
z ORICRIGYRIO]

t s,x(s),x'(s), ..., x~ 1 (s))

atf

J:

—— £ (£,5,5(),5'(s), .. y"(s)) | ds

at/
n-1 4 n-1 4
> e —y©leas <k =yls Y. [ 16 expas) ds
j=0"¢% j=0"¢%
(3.14) <|x—=yls 2" a] exp(lt)

From (3.14) we obtain (w1thk Yo <1)

(3.15)
|(Tx =Ty)ls < klx = yls

< kemax{lx = yls, bt = Tal y = Tyls, [bx = Tyls + Iy = 7]

Consider T(ty, ...,tg) = t; — k max {tz, ts, t4,%(t5 + t6)}, where k € (0,1),thenT € I

and also

Td(Tx,Ty),d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)) <0
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Using the same technique, we can show that the above inequality also holds if we
take(,) € , x ;. All other conditions of Theorem 3.1 are fulfilled for the complete
metric space (; U ,,|.|) and restricted to ; U, (with p = 2).

We conclude that the operator has a unique fixed point * and, hence, the nonlinear

Fredholm integro-differential equation (3.1) has a unique solution in the set .
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