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Abstract

The aim of this paper is to obtain new coupled common fixed point theorems for two
pairs of w-compatible self maps satisfying rational contractive condition in metric
spaces which is not wholly complete. Our result generalizes and improves related
results existing in the literature. Two examples are given in support to show the
usability of our results.
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1. Introduction:

As the Banach contraction principle is a power tool for solving many
problems in applied mathematics and sciences, it has been improved and extended
in many ways. It is well known that the metric fixed point theory is still very actual,
important and useful in all area of Mathematics. It can be applied, for instance in
variational inequalities, optimization, dynamic programming, approximation theory,
etc.

The well-known Banach contraction theorem plays a major role in solving
problems in many branches in pure and applied mathematics. The Banach
contraction mapping is one of the pivotal results of analysis. It is a famous tool for
solving existence problems in various fields of mathematics. There are a lot of
generalizations of the Banach contraction principle in the literature [2, 3, 11]. Ran
and Reurings [11] extended the Banach contraction principle in partially ordered sets
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with some applications to linear and nonlinear matrix equations. Nieto and
Rod riguez-L opez [10] extended the result of Ran and Reurings and applied their
main theorems to obtain a unique solution for a first order ordinary differential
equation with periodic boundary conditions.

One of the interesting & crucial concepts of fixed point theorem is introduced
in 1987 by Guo & Laksmikantham [4] as a notion of coupled fixed point. In 2006
Bhaskar and Lakshmikantham [1] reconsidered the concept of a coupled fixed point
of the mapping F: X X X — X and investigated some coupled fixed point theorems in
partially ordered complete metric spaces. Bhaskar and Lakshmikantham also proved
mixed monotone property for the first time and gave their classical coupled fixed
point theorem for mapping which satisfy the mixed monotone property. As, an
application, they studied the existence and uniqueness of the solution for a periodic
boundary value problem associated with first order differential equation. B. S.
Choudhury, Meitya and P. Das [2] gave coupled common fixed point theorem for a
family of mappings. Many other results on coupled fixed point theory exist in the
literature, for more details, we refer the reader to [4, 5, 7, 8, and 10].
In this paper, we obtain a unique common coupled fixed point theorem for two pair
of w-compatible self maps satisfying rational contractive condition in metric spaces
without considering completeness of whole space. Our result generalizes and
improves related results existing in the literature.

Our result generalizes and improves a theorem of Nashine and Zoran et. al.
[8] in metric space setting.

2. PRELIMINARIES
First we recall some definitions used throughout the paper.

Definition 2.1. [5]. Let X be a nonempty set and let a mappingF: X X X —» X. An
element (x,y) € X X X is said to be a coupled fixed point of F if

F(x,y) =x and F(y,x) =y.
It is clear that (x,y) is a coupled fixed point of F if and only if (y,x) is a coupled
tixed point of F.

Definition 2.2. [4]. An element (x,y) € X X X is called
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a) A coupled coincident point of mappings F: X X X - X and f: X - X if
fx =F(xy)andfy = F(y,x).

b) A common coupled fixed point of mappings F: X x X - X and f: X - X if
x=fx=F(x,y)andy = fy = F(y,x).

Definition 2.3. [10] The mappings F:X XX - X and f:X - X are called w-
compatible if f(F(x,y)) = F(fx, fy) and f (F (y, x)) = F(fy, fx) whenever
fx =F(x,y)and fy = F(y,x).

3. MAIN RESULTS
The first result of the paper is as follows:
Theorem 3.1. Let (X, d) be a metric space. Let F,G: X X X - X and f, g: X = X be such
that
(i) Forx,y,u,veX,
(31)  d(F(xy),6wv) < [d(fx, gw) + d(fy, gn)] + BN((x, ), (w,v))
+ g [d(fx,F(x, y)) + d(gu, G(u,v)) + d(fy,F(y, x)) +d(gv,G(v, u))]
for all (x,y),(u,v) € X xX. when D; = d(fx,G(u, v)) + d(gu,F(x,y)) # O0and D, =
d(fy,G(v,u)) + d(gv,F(y,x)) # 0, where

e (AU Gu)+d*(GuF(x,y)) d*(fy,G(vu)+d?(gv.F(y,x))
(3.2 N((@y), (w,v)) = mm{ A(FxGUv)+a(quF(xy) | A(fy,6om)+agvFx) }
and a, B,y = 0 with a + 2 + 2y < 1. Further,

3.3)  d(F(x2n ¥2r) G (Xan41,Yans1)) = 0if Dy = 0 or D, = 0.
Further, suppose
(i) F(X x X) € g(X) and G(X x X) € f(X),
(iii) either f(X) or g(X) is a complete subspace of X and
(iv) the pair (F, ) and (G, g) are w- compatible.
Then F, G, f and g have a unique common coupled fixed point in X X X. Moreover,
the common coupled fixed point of F, G, f and g have the form (u, u).

Proof. Let x4y, be arbitrary points in X. From (ii), there exist sequences
{x.}, {vn}, {z,,}and {w,,} in X such that
F(X2n,Y2n) = 9Xon+1 = Zon,
F(Yan X2n) = 9Yan+1 = Wan,
G(X2n+1, Yon+1) = fXon+2 = Zont1s
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and

G(Von+1 X2n+1) = [Yons2 = Wons1
Now, we claim that, for n € N, for contractive condition,

(3-4) d(ZZn+1:ZZn) + d(W2n+1rW2n) < (%ﬁ::) [d(ZZn:ZZn—l) + d(WZn: W2n—1)]'

Indeed, for n =1, consider the following possibilities:

Case I: When z,,_1 # Zyn4q and Wyp_q # Wanyq- Then Dy = d(fXzn, G(X2n41, Yon+1)) +

d(gx2n+1' F(XZn, yZn)) *#0
and

D, = d(fyan G(y2n+1;x2n+1)) + d(g}’2n+1: F(y2n, xZn)) # 0. Hence using (3.1), we get:
d(F(Xan Yan), G(Xon41, }’2n+1))

a
= 5 [d(fX2n, 9X2n+1) + A Von, GYan+1)] + ﬁN((xZnIYZn)' (x2n+1'y2n+1))

+ g [d(fonr F(x2n, yZn)) + d(gx2n+1, G(X2n+1, Yan+1)) + d(fyZn: F(y2n, xZn)) +
dgyn+1,6(y2n+1, x2n+1),
(3.5)
A(Zzn+1)Z2n) = d(F(XZn: Yan), G(x2n+1ry2n+1))
a
< 5 [d(zan-1,Z2n) + A(Wapn_1, Wap)] + .BN((XZn’ Yan), (x2n+1ry2n+1))

+ g [d(Zan-1,Z2n) + A(Zon, Zons1) + AWop—1, Wap) + d(Wap, Wapiq)]

N((xZn; YZn); (x2n+1' YZn+1))
= min {dz (fx2n' G(x2n+1' y2n+1)) + dz(gx2n+1r F(x2n' yZn))

)

d(fx: G(x2n+1; y2n+1)) + d(gx2n+1; F(xZnJ yZn))
dz(fYZn: G(Y2n+1:x2n+1)) + dz(QY2n+1; F(YZnJXZn))}
A(fY2n G YVant1, X2n+1)) + A(GYVani1, F Van X20))
dz (fon; G(x2n+1J y2n+1)) + dz (ngn.,.l,F(XZn, yZn))
d(fx, G(Xzn+1, Y2ne1)) + d(GXzns1, F (X2, Y2r))

N((xZn' yZn): (x2n+1; YZn+1)) =
(3.6)

N((xZn'yZn)’ (x2n+1'y2n+1)) = d(gX2n+1, fX2n) + A(GXon+1, fX2n42)
= d(Zan, Zan-1) + A(Z2p, Zans1)-
On putting the value from eq. (3.6) in (3.5), we get
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(3.7)
a
A(Zyn+1,Z2n) < 2 [d(Zan-1,Z2n) + AWapn—1, Wap)] + Bld (220, Zon-1) + d(Z2n, Z2n41)]
+ g [d(ZZn—lf ZZn) + d(ZZn: ZZn+1) + d(WZn—li WZn) + d(Wan W2n+1)]-
Similarly using that

d(Wan41, Wapn) = d(F(YZn' X21n), G(Van+1s x2n+1)) = d(G(.VZn+1' Xon+1) F Van, xZn))
and

d? JF X + d? JF X
N((xanyZn)r(x2n+1:y2n+1)): (fYZn (Van+1 2n+1)) (QYZn+1 (Van Zn))}

d(fYZn' G(YVan+1s x2n+1)) + d(gYZrHl' F(y2n, xZn))

N((xan Yan) (x2n+1:y2n+1)) = d(Wan, Wan—1) + d(Wapn, Wop41)

we get
(3.8)

(04
d(Wani1, Wap) < ) [d(Wan—1, Wan) + d(Z2n-1, Z2n)] + BlAWapn, Wan—1) + d(Wap, Wop41)]

+ g [d(Wan—1,Wan) + d(Wapn, Woni1) + d(Zan—1, Z2n) + d(Zan, Zan+1)]-
Adding (3.7) and (3.8), we have
(3.9)

a+pB+y

d(Zzn+1) Zan) + AdWany1, Wop) < (1 . )/) [d(Z2n, Zan-1) + d(W2n, Wan—1)].

Thus (3.4) holds.

Case II: When z,,,_1 = z;,41 and Wyy,_1 # Woy44. The first equality implies that

D, = d(fon; G(x2n+1:y2n+1)) + d(.gx2n+1:F(x2n' yZn)) = 0,and hence d(zzn41,225) =
d(F(xan Yan) G(x2n+1ry2n+1)) =0, by (34). This means that z,, ;1 = Z2 = Zyn41-
From wy,_1 # Wyn4q1 as in the first case, we get that (3.8) holds true. As a
consequence

)4
>+B+5 a+pf+y
d(Wans1, Wap) < 2—)% d(Wan, Won_1) < (1—> d(Wan, Wan_1),
1-B-5 —-B-v
. %"‘ﬁ‘ﬁz—’ a+p+y . .
Since Py < (1_ 3—y)' But then d(z3,, Zon—1) = d(Z2n, Z2n+1) = 0 implies that (3.9)
2

holds.
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The case z,,_1 # Zyp41 ANd Wop—1 = Wopnyq is treated analogously.

Case III: When z,,_1 = Zy5,41 and Wy,_1 = Wy, then
D, = d(fon: G(x2n+1ry2n+1)) + d(gx2n+1rF(x2n!y2n)) = 0 and
D, = d(fyan G()’2n+1»x2n+1)) + d(g}’2n+1; F(y2n, xZn)) = 0. Hence (3.3) implies that
Zyn = Zyn41 = Zan+z and Wy, = Woupq = Wopyo and so (3.9) holds trivially.

Thus, (3.4) holds for n = 1. In a similar way, proceeding by induction, if we
assume that (3.4) holds, we get that
a+pf+y
1-B-v

= (%fi;:) [d(Zzn, Zan-1) + d(Wan, Wan_1)].

A(Zan+2: Zon+1) + AWopni2, Wans1) < ( ) [d(Zon+1, Zon) + dWan41, Wan) ]

Hence, by induction, (3.4) is proved.

Set 8, = d(2zn, Zzn-1) + d(Wan, Wop_1),n €N

and A:= (T_Jr—ﬁ_ﬂ’) < 1. Then, the sequence {3, } is decreasing and
Sy SAME,_q S eeeeeee < A5,
which implies that
rlll_r)lgo Op = %i_rzjo[d(ZZn, Zyn—1) + d(Wyp, Wopn_1)] = 0.
Thus,

lim d(z,,, Z3,—1) = 0 and lim d(w,,, Wo,,_1) = 0.
n—-oo n—-oo

It immediately follows; we shall prove that {z,,} and {w,,} are Cauchy sequences.
For §,, > 0 and n € N, . Then, for each n > m we have
A(Z2n) Zom) < A(Zan, Zon—1) + d(Z2n—1,Z2n—2) + -+ + d(Zam+1, Zom)
And
AWap, Wom) < d(Wan, Wan—1) + AWapn_1, Wapn_3) + -+ d(Wams1, Wam)-
Therefore,
d(ZZn: ZZm) + d(WZn: WZm) < é‘11—1 + 6n—2 + et am
<AV 4+ A2 4+ AMYE,

m

<
=71= ASO
Letting n,m — oo, which implies that

nlrinrgoo[d(ZZn: ZZm) + d(WZn' WZm)] = 0.

Thus {z,,,} and {w,,} are Cauchy sequences in the metric space(X, d). Since 0 < A< 1.
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Hence {z,} and {w,} are Cauchy sequences in the metric space(X, d). Hence we have
that lim,,_,., d(z,,, z,,) = 0 and lim,,_,,, d(w,,w,,) = 0.

Suppose f(X) is complete. Since {z,,} € f(X) and {wy,} € f(X) are Cauchy
sequences in the complete metric space (f(X),d), it follows that the sequence {z,,}
and {w,} are convergent in (f(X), d). Thus

(3.10) lim,, d(z5,,u) =0
And
(3.11) lim,,_,, d(Wy,,v) =0

for some u, v € f(X).
Since the pair (F, ) is w — compatible, we have fu = F(u,v) and fv = F(v,u).
Suppose that fu # u or fv # v,
d(fu,u) < d(fu, zzn41) + d(Zzns1,w)
= d(F(u: U), G(x2n+1'372n+1) + d(ZZn+1ru)

< 2 (A0, 22) + d(f0,Won)] + BN (@ 0), Gz, Yonsn)

+)2—/[d(fu, F(w,v)) + d(Zan, G (Xan41, Yans1)) + d(fv, F(v,u)) +
awnG(yZn+1, x2n+1)

where

dz (fu: G(x2n+1; y2n+1)) + dz(gx2n+1' F(u, V))
d(fu, G(X2pns1, Yone1)) + d(GXone1, F(w,v))
d*(fv, G Vans1, X2n+1)) + A*(gYons1, F (v, u))}
d(f‘l), G(Y2n+1;x2n+1)) + d(gy2n+1,F(v, u))
_ d*(fu, G (Xan+1, Yane1)) + d*(gXons1, F (W, 1))
B d(fu: G(x2n+1' y2n+1)) + d(gx2n+1; F(ur U))
= d(gXon+1, fU) + d(gxons1, fU) = 2d(gXon41, fU) = 2d(Z2p, fu)

N((uv U), (x2n+1; y2n+1)) = mln{

we get
A(fu,w) < 5 [d(fi, 700) + A(Fv,W)] + B2 (2o, f0)

+ g [d(fu, F(u, 17)) + d(Zzn, G (X241, Y2ne1)) + d(fv' F(v, u))

+ d(Wap, G(Y2n+1’x2n+1))]-
Similarly we have
d(fv' 17) < d(fv, W2n+1) + d(W2n+1, v)
< d(F(v,u), 6 (YVan+1, X2n+1) + d(Wapiq1,v)
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A(fv,v) < S (AU, 20) + AV, W2)] + B2d (W, f0)

+2[d(fv, F(v,0)) + d(Zan, G (zns1, Yons1)) + d(fu, F(w,v)) +
awznG(y2n+1, x2n+1).
Hence
d(fu,u) + d(fv,v) < ald(fu, zn) + d(fv,wa,)] + 2B[d (22, fu) + d(Wap, fV)]
+2y[d(fu,u) + d(fv,v)].
Letting n —» o, and using (3.10) and (3.11), we get
d(fu,u) +d(fv,v) < (a+ 2B + 2y)[d(fu,u) + d(fv,v)]
d(fu,u) +d(fv,v) <d(fu,u) + d(fv,v)
which is a contradiction. Hence fu = u and fv = v. Thus
(3.12)
F(w,v) = fu=uand F(v,u) = fv =v.
Since F(X x X) € g(X), there exists a, b € X such that u = F(u,v) = ga andv =
F(v,u) = gb.
d(u, G(a, b)) = d(F(u, v),G(a, b))
< S1d(ww) + d(w, v)] + BN((w ), (e, b))
+§[d(u,F(u, v)) +d(u,G(a b)) +d(v,Fv,u)) + d(v,G(b, )]
d(u,G(a b)) <0.
Henced(u, G(a, b)) = 0, which implies that G(a, b) = u = ga.
Similarly we haveG(b,a) = v = gb.
Since the pair (G, g) is w — compatible, we have gu = G(u,v) and gv = G (v, w).
Suppose that gu # u or gv # v. we have
d(u, gu) = d(F(u,v), G(u,v))
d(F(u,v),G(u,v)) < %[d(fu, gw) + d(fv, gv)] + BN((w,v), (w,v))
+§[d(fu,F(u, v)) +d(gu, G(w,v)) + d(fv, F(v,u)) +
dgv,G(v,u)

[d(u,gu) + d(v, gv)] + 2Bd(gu,u)

+§[d(u, u) +d(gu,u) + d(v,v) + d(gv,v)]
and d(v, gv) = d(F(v,u), G(v,u))

d(F(v, u), G(v, u)) < %[d(u, gu) +d(v, gv)] + 2Bd(gv, v)
+§[d(v, v) +d(gv,v) + d(u,u) + d(gu, u)].

<

N R
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Hence
d(u,gu) + d(v,gv) < (a + 2B + 2y) [d(u, gu) + d(v, gv)]
d(u,gu) + d(v,gv) < [d(u,gu) + d(v, gv)]
This is a contradiction. Hence gu = u and gv = v. Thus,
(3.13) u=gu=G6uv)andv =gv = Gv,u).
From (3.12) and (3.13), it follows that (u,v) is a common coupled fixed point of
F,f,Gand g.
Let (u*, v*) be another common coupled fixed point of F, f, G and g. We have
d(u,u*) + d(v v*) < d(F(u v),G(u*, v*)) + d(F(v u), G(v*,u*))

d(F(u,v),G(u",v") <2 d(u u?) +d(w,v)]+ BN ((w,v), (u*,v"))
+2 [d(u,F(u, v)) +dw,u) +d(v, Flv,w) + d(v*,v)]

d(F(w,v),Gu",v") <Z d(u u?) +d(w,v)] + 2B(dw",w) + [d(u*,w) + d(v*,v)].
Similarly we get
d(F(v u),G(v:,u )) < d(u u*) +d,v)] + Zﬁ(d(v v)) + [du*,u) +d(*,v)].
By adding both above mequahty, we get
dw,u?) +d(v,v*) < d(F(w,v), (", v")) + d(F(v,uw), G(v*,u"))
< (a+28+2y)[du,u") +dw,v)]
<dw,u")+d(,v"),
which is a contradiction. Hence (u, v) is the unique common coupled fixed point of
F,G,fand g.
Now we will show thatu = v. Suppose u # v.
d(u,v) = d(F(u v),G(u, v))
d(F(uw,v),6(w,v)) <z d(u v) +d(w,wW)] + BN((w,v), (v,u))

+2 [d(u,u) +d(v,u) +d,v) + d(u,v)]
d(u,v) < d(u,v).
Hence u = v.
Thus u = fu = F(u,u) = G(u,u) = gu = G(u,v), that is, the common coupled fixed
point of F, G, f and g has the form (u, u).

If we take y = 0 in Theorem 3.1, then we obtain the following corollary.
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Corollary 3.2. Let (X,d) be a metric space. Let F,G:X XX - X and f,g:X - X be
such that
(i) Forx,y,u,veX,
a
d(F(x,),G(w,v)) < > [d(fx, gu) + d(fy, gv)] + BN((x,y), (u,v))
forall (x,y),(u,v) EX XX and a,f = 0with a+ 28 < 1.

(i) F(X xX) € g(X) and G(X x X) € f(X),

(iii) either f(X) or g(X) is a complete subspace of X and

(iv) the pair (F, f) and (G, g) are w- compatible
Then F, G, f and g have a unique common coupled fixed point in X X X. Moreover,
the common coupled fixed point of F, G, f and g have the form (u, u).

Now a consequence of Theorem 3.1 by Taking F(x,y) = fx and G(u,v) = gu where
f:X > X and g: X — X, is the following;:

Corollary 3.3. Let (X, d) be a metric space. Let f, g: X — X be mapping such that
(i) Forx,y,u,v € X,

d(fx gw) < 5 (A w) +d,v)] + BN((x, ), (@, v))
+2[d(x, fx) + d(u, gu) + d(y, fy) + d(v, gv)],
for all (x,y), (u,v) € X X X.

N((x,y), (wv)) = min{

d*(fx, gu)) + d*(gu, fx) d*(fy,gv) + d*(gv, fy))}
d(fx,gu)) +d(gu, fx))" d(fy,gv)) +d(gv, fy)

anda, B,y = 0with a + 20 + 2y < 1.

i) f(X)ESXandg(X)<cX,

(iii)  either f(X) or g(X) is a complete subspace of X
Then f and g have a unique common coupled fixed point inX.

Remark 3.4 Comparing the conditions in Theorem 3.1 and the conditions in
Theorem 2.9 of Nashine and Zoran [8], we see that our result is a generalization of
(Theorem 2.9 in [8]) for coupled fixed in metric space for four maps.
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4. ILLUSTRATIONS
In this section, we demonstrate our result by the following illustrations:

Example 4.1 Let X = [0, +0) then (X, d) is a metric space with the standard metric of
real numbers, d(x,y) =|x —y| and mappings F,G:X XX —->X and f,g:X->X
defined by

F(x,y) = G(u v) =
It is easy to check that all the condition of Theorem 3.1 are satisfied for a,f,y =
0 witha + 2 + 2y < 1 and now we will prove that the pair (F, f) and (G, g) are w-
compatible.

3x? —6y? , _9x*+36y* —36x%y? - 3x% — 6y?

fFOy) =3(——F )" = (1272 < —— 5 = F(3x,3y%)
= F(fx,fy)
and
f(FG.%) = B(M)2 A 36(3162): < 3y21_z6x2 = F(3y?,3x%)
= F(fy, fx).

Then it is clear that F and f are w —compatible. Similarly we can prove that (G, g)are
w —compatible.

2 9.2 2 9.2\ 2 4 _ p..4
g(G(u,v))=g(u 2v >=<u 2v> Su d = G(u?v?) = G(gu, gv)

12 12 12
and
v? —2u? v?2 —2u?\* vt — a4yt
= = < — 2 2 — ]
9(G(v,w)) g( - ) ( P ) <7 G(v?,u?) = G(gv, gu)

Then it is clear that G and g are w —compatible.
Now we prove that condition (3.1) is satisfied for a = %, p=0andy = % with a +
28 + 2y < 1.
3x2 —6y% u?-—2v?
< —
d(F(x,y),G(w,v)) < 7 -

1
< 1713x* —u?) = 2(3y* - v¥)]

1
I—(d(fx gu) + 2d(fy, gv))

_ 2 (dUx.gw) +d(fy, gv))
=12 2
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_1(@(x g0 + d(fy, gv)
2

< S 1d(fx, gw) + d(fy,gv)]

%[d(fx gu) + d(fy, gv)] + BN((x, ), (w, v))

O\

g[d(fx F(x, y)) + d(gu, G(u,v)) + d(fy,F(y,x)) +
dgv,G(v,u).

This shows that all the hypothesis of Theorem 3.1 are satisfied. Therefore, we
conclude that F, G, f and g have a coupled common fixed point in X. This common
coupled fixed point is ((x, v), (u, v)) = (0,0).
Example 4.2 Let X = R be endowed with usual order, d(x,y) = |x — y|, and mapping
F,G:XxX > Xand f,g:X - X defined by

F(x,y) = 3x_4y , G(u,v) =
Then X satisfies the propert1es (i) and (ii) and (iii) in Theorem (3.1) except property
(iv) for the given mapping.

3u—4v

,fx=x,and gu = u,

Now we prove that condition (3.1) is satisfied for a = %,ﬁ =0andy = % with a +
28 + 2y < 1.

3x —4 3u—4v
d(F(x,y),G(u, v)) < | 4

5 5
3(x—u)+4(v—30
5 5
(x u) (v—y) Ix—uw) x-u) 16(v—-y) @W-y)
8 + 40 + 40 t 40 + 40
1 2x+4y 2u+4v  2y+4x 2v+4u
< — — —
_8[(x Wt -+ T2y Ty 2 2 ]
1 2x+4y 2u+4v  2y+4x  2v+4u
< _
_8[(x w) + (v —y)] 8[ z + z + z ]
a
=3 [d(fx, gu) + d(fy, gv)]

14
+35 [d(fx,F(x,y)) + d(gu, G(w,v)) + d(fy, F(y,x)) + d(gv, G(v,u))]
It is clear that F, G, f and g have a coupled common fixed point in X. This common
coupled fixed point is ((x, v), (u, v)) = (0,0).
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